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Abstract:Propositional Dynamic Logic with Converse (CPDL) is a modal logic developed for reasoning
about programs with applications for instance in knowledge representation. This paper presents a symbol
model checking algorithm for propositional dynamic logic with converse. First of all, according to the
analysis of symbolic model checking technology by ordered binary decision diagram, we describe how to
represent propositional dynamic logic with converse model system symbolically using ordered binary
decision diagram. Then a symbolic model checking algorithm for propositional dynamic logic with converse
is proposed. Finally, the proof of the algorithm is given, and the validity of this algorithm was verified by an
example.
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I. INTRODUCTION

Propositional Dynamic Logic (PDL) ! is best used to describe the state attributes that a program reaches
during execution and to simulate the evolution of the computational process. Over the years, propositional
dynamic logic has proven to be a valuable theoretical tool for computer science, logic, computational

linguistics, and artificial intelligence. The decidability and complexity of many reasoning programs depend
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on the research in the propositional dynamic logic.Converse Propositional Dynamic Logic (CPDL), also
defined in ! extends propositional dynamic logic with a converse operation on programs.Both propositional
dynamic logic and converse propositional dynamic logic have the small-model property and are

EXPTIME-complete.

The research on the dynamic logic of proposition is divided into the research of the nature and function

of proposition dynamic logic and its extended propositional dynamic logic *!

, and the application research
of propositional dynamic logic. Application examples are: program verification ), Semantic Web ©,
describing dynamic evolution based on agent system !, planning ™, knowledge engineering ©!. It is also

[10]

related to cognitive logic and closely related to description logic "'\, There is also research on the

proposition dynamic logic decision algorithm and algorithm efficiency "3,

The initial implementation of the model checking algorithm is to use the associated linked list to
represent the formula and migration relationship. In practical applications, only models with a small number
of states can be detected. However, for models with more states, this method of describing the model with an
associated linked list cannot be processed because the state transition diagram is too large. Ordered Binary
Decision Diagrams (OBDD) 11151 can effectively represent the transition between finite state machines and
states, and can represent a set of transitions between states and states rather than individual states. In the
1990s, the symbolic model checking technique based on ordered binary decision diagram proposed by
McMillian et al. ') greatly improved the detection ability of model checking. Symbolization technology
enables model checking to detect more states, enabling model checking techniques to be widely used in

practical applications.

In view of the efficiency of ordered binary decision diagram, branching time Computation Tree
temporal Logic (CTL), and Linear Time Temporal Logic (LTL) use ordered binary decision diagram to
symbolize the model checking algorithm to improve the efficiency of the algorithm. The good application of
model checking technology in the field of planning has been recognized by many experts and scholars. The
research on various symbolic model checking algorithms based on temporal logic framework has also
achieved good results. Although temporal logic language has a strong ability to describe, it does not
accurately describe certain characteristics of industrial production. Propositional dynamic logic is a kind of
logical language that focuses on state changes caused by actions. This feature is similar to the changes in the

execution of various operations in industrial production. Therefore, we consider using propositional
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dynamic logic as the logical basis of the symbolic model checking technique, researching the model
checking technology of propositional dynamic logic, and presenting the converse proposition dynamic logic

symbol model checking algorithm based on ordered binary decision diagram.

II. BASIC CONCEPTS

A. Converse Propositional Dynamic Logic

The regular proposition dynamic logic has operators that represent the sequential connection, selection,
testing and iteration of the action. This paper expands on the basis of the regular proposition dynamic logic
language, extends the Converse action operator, and calls the extended logic language the propositional

dynamic logic with converse.

Definition 1 CPDL syntaxLet @ and [ ]y denote the atomic proposition set and atomic program set in in the
converse propositional dynamic logic respectively, ¢ and y denote propositions, and o and B denote

programs. The proposition set @ and the program set || are recursively defined as follows: @yc®
(1) Tl

2) Ifp, y ED, thenp >y ED, 0 ED, p\YyED, E D
(3) Ifa. B E[], thena; pE]], aUBLE]], a*E[], a” €[]
4) If p€ @and a €[] ,then [a]p € @
(O) fpEeE @ thenp ? €]
Definition 2CPDLsemanticThe converse propositional dynamic logic semantic interpretation is based on a

Kripke structure of a binary group R=(Kim) Where K is a set of states, m, represents a set of states or binary

relationships, @represents a set of propositions, [ [ represents a set of programs, and

m(p) = K, ped
mg(a)c KxK, aell
Thesemantic interpretation of the converse propositional dynamic logic is as follows:
my (=) = K —my (p)
m (@ =) = (K —my (p) Wmy (y)

my ([alp) = K = (my (o) o (K —my (@)))
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={u| Vv e K.if (u.v) e my(a)thenv € m(p)} my (9 A§) = my (@) Ny (9)

my (@) ={(u,v)[(v,u) e my ()}

my (a; §) = my (ar) o my (f5)

={(w,v)|IweK,u,w) em(@)and(w,v) emy(B)} m (L B) =my (@) Wmy(B)
mg(a)=m(a) =U,,m (@)

m () ={(u,u) |uem(p)}

Where the symbol orepresents the synthesis of the relationship

For any state vE K, when v € m(), it is usually denoted as R,vkg, and it is said that the state v satisfies
¢ in the model ‘R, or the state v of ¢ in the model ‘R is true. When the model ‘R is obvious, R is often omitted,

denoted as vEp. Conversely, when v&k (@), it means that the state v does not satisfy ¢.

B. Ordered Binary Decision Diagram (OBDD)

Ordered binary decision diagram, this symbolic data structure is an expression of a Boolean function, so it
must also be able to perform the corresponding Boolean operations by manipulating the ordered binary
decision diagram. In fact, the symbolic operations of many Boolean functions can also be implemented by a

graphical algorithm of an ordered binary decision diagram.

Definition 3The binary decision diagram is a directed acyclic graph G(VU T, E) for representing a cluster of

Boolean functions f;: {0,1}"—{0,1} based on variables x; x2, .., x,, which satisfies:

(1) Each node in the diagram corresponds to a unique function f;

(2) A node without an edge is called an endpoint, and there are only two endpoints, 0 and 1. The set of
endpoints is denoted as T.

(3) The other nodes except the endpoint are called inner nodes, and the set of inner nodes is V. For VveV,
it is identified by the variable name var(v) and has two exit edges. The exit edge after v is O is called
0-edge, and the exit edge after v is 1 is called 1-edge. The set of all sides is denoted as E. The nodes
pointed by the 0-edge and the 1-edge are denoted as low(v) and high(v), respectively.

(4) On the directional path of the binary decision diagram, each variable appears at most once.

Definition 4 A Binary Decision Diagram is an Ordered Binary Decision Diagram (OBDD) G (V, E). If
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there is a full order relationship < on the variable set, the following conditions are satisfied: for any
non-terminal u €V, If v €V is the node pointed to by the exit edge of u, and v is also a non-endpoint, then

there must be var(u)<var(v).

Definition 5 The node v on each ordered binary decision diagram represents a Boolean function f(v):{O0,
1}'—{0,1}, and satisfies:
(1) Ifvisthe end point, f{v) represents a constant function whose value is the value of the end point v.
(2) If v is a non-terminal point, then £ (v) = var(v) - £ (high(+)) + var(v) - £ (low(v)) - Where "-" means logical
multiplication, "+" means logical addition, and "-" means logical complement.
Theorem 1"'*'For Boolean functions Sfxn,x2,...,x,) from {0,1}" to {0,1} and a given variable order, there is a
unique reduced ordered binary decision diagram representation of the Boolean function, that is, the ordered
binary decision diagram under the variable order is the standard form of Boolean functions f(x;,x2,...,x,).
1. ORDERD BINARY DECISION DIAGRAMREPRESENTATIONOFCONVERSE PROPOSITIONAL
DYNAMIC LOGICMODEL
Propositional dynamic logic with converse is semantically interpreted on the Kripke structure. In addition

to using Boolean strings to represent states and propositions in the converse propositional dynamic logic

migration model, you also need to represent the action.

If the state set S of the system has a total of m states, the state is represented by an n-bit binary string, and

the determination of n satisfies the relationship: 2"/ <m<2". If the set S has a subset 7, then a Boolean function
fy is defined: {0,1}"—{0,1}. If the state is t ET(t €S), the Boolean function f, maps the Boolean string
[vivz...v,] of t to 1, otherwise it maps to 0. Therefore, a Boolean function f, can be used to represent any

subset of S Its Boolean characteristic function is f=xix2...xi...xn, Where x; is appearing when v;=1, and when
vi= 0, x; appears negatively in the form of ;l From the semantic interpretation of propositions in

propositional dynamic logic with converse, the interpretation function mg maps the propositions into a set of

states, i.e.mg(Q)SS, @ € ®. Thus a subset of the state set S can be used to represent the proposition.
Given a Kripke structural model of converse propositional dynamic logic:

S ={s0, 51, 52}

mg; (p) = {s0, 52}
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my (q) = {s1, 52}
my (a) = {(s0, 50), (50, 51)}
my; (b) = {(s1, 51), (50, 52), (52, 51)}
The state transition diagram of the model is shown in Fig 1.

a"\ b

SO P Sl

S

P~ q

Fig 1 converse propositional dynamic logic migration model

According to the state's ordered binary decision diagram representation rule, a Boolean expression with a
length of 2 bits can be used to represent the state, and the proposition is represented by a set of states that

satisfy the proposition, which is specifically expressed as follows:

StatusBoolean functionBoolean expression

SoX1x2 00
S1§1X2 01
SzXliz 10

PropositionBooleanfunctionBooleanexpression
pxix2 + x;x200+10
q X1X2 + XX 01+10

The corresponding ordered binary decision diagram representation can be obtained from the Boolean

expression.

From the semantic interpretation of the action in the converse propositional dynamic logic, the
interpretation function mg maps the action to a state pair: mg (0)SSxS, o€ []. Therefore, the action can be

represented by two states before and after the migration execution, that is, the action is represented by a
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2n-bit binary string, where the first n bits are the precursor state s of the action, and the last n bits are the
successor state s' that arrives after the action is executed. It is like the state pair [(v;vz...v,) (v 1v2...v 7). If

an action consists of multiple transitions, the action is represented by a set of all migrated state pairs.

Action a in a given model consists of 2 transitions, then mg ()= {(so So), (so s1)}. According to the
representation method of the set in the ordered binary decision diagram, the Boolean functions of action a

and action b are respectively:
Ja= X102 X1'%2"+ X102 X)X

fb=f1f2 X1+ x5 X' x0 +x px0x %0

The Boolean expression can be used to obtain the corresponding ordered binary decision diagram

representation of the action
IV. CONVERSEPROPOSITIONALD YNAMIC LOGICSYMBOLIC MODEL CHECKING ALGORITHM

In the model checking system, usually the given system specification F is a formula of the form
sE<n>®. Through the semantic interpretation of the converse propositional dynamic logic and the
corresponding operations in the ordered binary decision diagram, the action sequence © and the proposition

set ® can be simplified to the simplest form.

Below we present a converse propositional dynamic logic model checking algorithm based on ordered

binary decision diagram.

Algorithm 1For the Kripke structure ‘R and the converse propositional dynamic logic formula & for a given

system to be tested, model checking by the following steps:

(1) A symbolic representation of the action is further obtained by binary encoding of the state, wherein the

action is represented by a state pair consisting of the state before and after the action is executed.

(2) The converse propositional dynamic logic formula & of the form <n>®,through the Get BDD = and
Get BDD® algorithms respectively transforms the action and proposition into the simplest symbolized

representation.

(3) . For the BDD n and BDD @ obtained in the previous step, by the exist algorithm, a symbolized
representation of all states satisfying the property ® after the action sequence m can be obtained. A state

set Sz satisfying the formula & can be finally obtained by analysis.
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(4) Get model checking results. It is judged that SNS#=@? , if not empty, the result "Z is satisfied with

respect to the model R"; otherwise, "& is unsatisfiable with respect to the model R".

Theorem 2 Given a Kripke structure ‘R= (K, mK), for any proposition dynamic logic with converse formula ¢.
If ¢ is a proposition, then sEBDD(¢) established, if and only if R,sk=@; if ¢ is a program, then (s,t)EBDD (o),
if and only if (s,t)= mg(o).

Proof: Suppose there are states :s, t, vE K, the situation is considered as follows
(1) @ is a proposition:

When ¢ is an atomic proposition, sEBDD(¢) denotes that s is an element in the set of states satisfying the
proposition ¢, and obviously R, sE¢@ holds. On the contrary, R,sE=¢ denotes that the formula ¢ is satisfiable at
the state s, and it is apparent that the state s is one of the elements in the state set satisfying the formula ¢, that

is, SEBDD(o) is established. The same can be proved: o= \V ¢, ¥ ¢=-¢;.

When ¢=<o>¢;, according to the semantics of <o>@;, BDD(<o>@l) is an ordered binary decision
diagram set composed of all the precursor states of those state pairs satisfying the migration relationshipo and
whose successor states satisfy ¢1. s€ BDD(<o>@;), that is, s is one of the states satisfying <o>¢@;, so that
R,sE@ holds. On the contrary, R,s E<a>@; denotes that s is one of the states satisfying the formula <o>¢;, and
BDD(<a>¢;) is an ordered binary decision diagram composed of all states satisfying <a>@;. Therefore, there

is sS€ BDD(<o>@).
(2) ¢ is the action:

When ¢ is an atomic action, BDD() constitutes an ordered binary decision diagram from all state pairs
satisfying action ¢, and (s,t) € BDD(@), that is, state pairs (s, t) are all satisfying BDD(¢@) state of one of the set,
according to its semantic interpretation, obviously there is (s,t) € mg (¢) . On the contrary, (s,t) € mg (), that is,
the state pair (s,t) satisfies the semantic interpretation of the action o, that is, there is a transition relationship
between the states s and t, and BDD(¢) is composed of all states satisfying the action ¢, it is apparent that

(s,t) EBDD(9) holds. The same can be proved: ¢=¢; U @, and o=, .

Whenoe=0;;¢02, BDD(@1;¢2) is an ordered binary decision diagram composed of state pairs (s, t), this state
pair consists of state pair (s,v) satisfies ¢; and state pair (v,t) satisfies ¢, . Therefore, the state pair (s, t)
satisfies the semantic solution mg (@1;¢2) of @i;¢a.that is, (s,t) €E mg (@1;¢2) holds. On the contrary, the state

pair (s,t) Emg (@1;¢2) indicates that(s,t) satisfies@i;p2, and BDD(¢1;¢2) is composed of all pairs of states
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satisfying@y;¢2, and therefore (s,t) € mg (Q1;02).

When ¢=0¢;?,checks whether the current state satisfies @i, so if s©BDD(;?), that is, s satisfies ¢, then

R,sE@;? holds. On the contrary, R,skE=@;? that is, the s state satisfies ¢, and thus s € BDD(¢;?).

Whenoe=0; *,p;* is the reachability relationship of all the models satisfying the formula ¢. According to

the semantics and the composition of ordered binary decision diagram, the theorem is also true wheng=¢;*.

Ordered binary decision diagram is a canonical representation of Boolean expressions. Boolean
operations (OR, AND, NAND, XOR, etc.) on ordered binary decision diagram are polynomial time, and
equivalence judgments are constant time. In view of the one-to-one correspondence between the ordered
binary decision diagram and the Boolean function, the Boolean function operation is used to illustrate the

model checking process.

Example 1 First, enter the formula to be verified :f=<a”;b>¢g, then
OBDD f= exist (BDD (a”;b), BDDq)

OBDD (a) <> fo=X1X2 X1 X2 '+ X1X2X1 X2

OBDD (a7 ) <> fo = X1X2 X1 X2 '+ X1 X2X1 X2’

OBDD (b) «<>fy=X1X2 X1 X2 "+ X1X2 X1 X2 '+ X1X2 X1 X2~

Introducing operations on Boolean functions B(f,(x—y)), This operation replaces the variable x in the

Boolean expression f with the variable y.

B(fi, (x'—¥))= XX 2y1y2+ X1 X212

B(fo, (x—)))=yi1yax; X2+ yiy2 X1 X2 +y1y2X1 %2

Ja»=B(fr, (x =) AB(fy, (x—))

=(XX2y1y2t X1 X2 y1 y2)/\N(V1y2 X1 X2 '+ Y1y2 X1 Xa+Y1y2X; X2 )= XiX2y 1y2X1 X2 '+ Xix2y1y2x; X2
After eliminating the intermediate variable y

S )= X1X2x1 X2 "+ Xpx0x1 X2

B(fq, (x—>x’))=)?1x2+xp?2=)?1’xZ’+ x;’fg’

(BDD(a™ ;b)& BDDQ)- BDDq>(fiu- ) /\fo)- f
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=(Xx2x1 X2+ Xpx2x1 X2°) N\ (X7'x2 "+ X1 %2))- (X7 %2 "+ X1 %2)
= (Xpeox; X2 '+ Xpx0x7 X2 )- (X7 %2 "+ X1 X2)
=X;xX+ XX
Through the above calculation, find a set of all states that satisfy the formula f =<a™ ;b>g,that is {so,s1}.
Since{so}N{so,81}#9, it is apparent that the state sy is a subset of the state set satisfying the formula f.

Therefore, in the model K, the formula K, soE=<a™;b>g is established. Among them, the ordered binary

decision diagram of a™ ;b and <a™ ;b>q is shown in Fig. 2.

p/

(Ha;sb  (2)<a ;b>q
Fig 2: OBDD representation of the formula f =<a™ ;b>q

V. CONCLUSION

Many practical problems can be formulated with propositional dynamic logic, and the solution to the
problem is based on the appropriate framework for reasoning. The proposition dynamic logic model checking
is another way to solve the problem solution, and it is also a new application of proposition dynamic logic. In
this paper, the algorithm of proposition dynamic logic with converse symbol model detection based on
ordered binary decision diagram is given, and the algorithm is proved to be correct and feasible by examples.
Applying other model checking methods such as boundary model checking to propositional dynamic logic to
improve proposition dynamic logic model checking method is a further research content.
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