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Abstract: 

 

The two-parameter Pareto distribution was used to find the Reliability series system, With the 

Reliability function found for him, by comparing the estimation of distribution parameters and 

reliability functions, using the Statistical Scale (MAPE) and depending on the simulation method for 

MLE (maximum likelihood estimation) and non-parametric estimation (Empirical) methods, and it was 

found that the MSE statistic values for the non-parametric (Empirical) method were lower than the 

MLE method, and this indicates the advantage of the Empirical method. 

Kew word: Reliability function, Pareto distribution, Reliability series system, Simulation, 

matlap program. 

 

 
I. Introduction 

 
The system is defined as a group of components, or subsystems, or units, in the form of a 

specific design in order to achieve the required mission, reliability of the system comes from the types 

of components, quantities, characteristics, and the way they are arranged inside the system. [1] [4] 

Pareto distribution with two parameters (B: Scale and α: Shape parameters) in reliability 

applications, because it is one of the distributions of the failure function of models of stress and  

strength in mechanical engineering, it is attributed to the Italian economic researcher, (Vilfredo Pareto 

1848-1923). [6] 

 

 
II. Research objective 

 
The research aims to compare the estimation parameters of the two-parameter Pareto 

distribution, and Reliability Function, as well as the Reliability series system (R.S.S), of two methods 

of estimating are: MLE, and the Empirical estimation, using the statistical measure (MSE). 

III. Theoretical side 
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3-1 Pareto distribution 

 

A lot of research and studies have shown a complete explanation of the two-parameter Pareto 

distribution, and the methods for estimating the distribution parameters have been compared, and the 

distribution function can be illustrated as follows: [6] [3]. 

f(t)=α β^α t^(α-1) β≤t<∞ ,0<β<min⁡(t_i ),α>0 …(1) 

 

3-2 Maximum Likelihood Estimation Method 

 

If we have a random variable(𝑡𝑖 𝑖 = 1,2, … , 𝑛), and distributed as the Pareto distribution with 

two parameters (𝛼, 𝛽), then to find the Maximum Likelihood Estimation Method by making the 

function at its maximum end and as follows [1] [2]. 

𝑛 

𝐿(𝑡𝑖, 𝛼, 𝛽) = 𝛼𝑛 𝛽𝑛𝛼 ∏𝑡𝑖
−𝛼−1

 

𝑖=1 

 

Taking the logarithm of equation (2), we get: 

 
… (2) 

 

𝑛 

ln 𝐿 = 𝑛 ln(𝛼) + 𝑛𝛼 ln(𝛽) − (𝛼 + 1) ∑ ln(𝑡𝑖) 
𝑖=1 

 
… (3) 

 

By partial derivation of equation (3), and for the two parameters(𝛼, 𝛽), equal to zero, it turns 

out that the estimator (𝛽) cannot be obtained directly, and through the order  of values (𝑡𝑖), ascending 

we get: 

𝛽          = 𝑡1  = min(𝑡𝑖) 𝑖 = 1,2, … , 𝑛 … (4) 

The estimator (α) is as follows: 
 

 

𝛼  = 
𝑛 

 𝑡  

 

… (5) 
𝑛 
𝑖=1 

( 𝑖) 
𝛽 

 

To obtain the reliability function, it is as follows: 
 

∞ ∞ 

𝑅(𝑡) = ∫   𝑓(𝑦)𝑑𝑦 = ∫   𝛼 𝛽𝛼 𝑦𝛼−1𝑑𝑦 … (6) 
𝑡 𝑡 

 

So 

 

𝛽 𝛼 

𝑅(𝑡) = ( ) 
𝑡 

 
 
 

 
… (7) 

 

The estimators of the Maximum Likelihood Estimation can be used to obtain the reliability 

function as follows: 

 
𝑅 (𝑡) = ( 

 
𝑡1 

𝑡 

 
∑𝑛 

) 𝑖=1 

𝑛 

ln(
 𝑡𝑖 ) 
𝑡1 

 

… (8) 

 

In order to find a series system, respectively, each unit has a Pareto distribution according to 

the following form:[6] 

∑ ln 
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Where the system is in the state of (i.i.d.), then: 
 

𝛽 
𝑅𝑆(𝑡) = [𝑅(𝑡)]𝑛 = [( 

𝑡 

𝛼 𝑛 

) ] 
 

… (9) 

 

And 
 

 
𝛽 

𝐹𝑆 (𝑡) = 1 − [𝑅(𝑡)]𝑛 = 1 − ( 
𝑡 

 
 

 
𝑛𝛼 

) 

 
 
 

… (10) 

 

To find the distribution of the system it can be obtained as follows: 
 

𝑓 (𝑡) =  0 − n[𝑅(𝑡)]𝑛−1 
𝑑 
𝑅(𝑡) … (11) 

 

𝑆 𝑑𝑡 

𝛽   𝛼
(𝑛−1)   

𝑑    𝛽 𝛼 

𝑓𝑆 (𝑡) = −n ( 
𝑡 

) ( ) 
𝑑𝑡 𝑡 

… (12) 

 

𝛽 
𝑓𝑆 (𝑡) = −n ( 

𝑡 
) 

𝛼(𝑛−1) 
−𝛼𝑡𝛼−1𝛽𝛼 

𝑡2𝛼 … (13) 

 
𝑓𝑆 (𝑡)𝑀𝑙 = 

𝑛 𝛼𝑀𝐿 𝛽𝑀𝐿
𝑛 𝛼𝑀𝐿

 

𝑡𝛼𝑀𝐿(𝑛−1) … (14) 

To find the system failure ratio function (𝐻𝑅𝑆(𝑡)), it can be found as follows: 
 

ℎ (𝑡) = 
𝑓𝑆 (𝑡)

 
 

 
… (15) 

𝑆 𝑅𝑆(𝑡) 

ℎ  (𝑡) = 
𝑛 𝛼𝑀𝐿  

= 𝐻𝑅 (𝑡) … (16) 
 

𝑆 𝑡−𝛼𝑀𝐿 𝑆 

 

3-3 The Empirical or non-parametric method depends on the maximum likelihood 

 

This method is known (Empirical or Non-Parametric or free Distribution), through the 

reliability function, then: [5]. 

𝑅 (𝑡) = 
𝑛 + 1 − 𝑖 

𝑛 + 1 

𝑅 (𝑡  ) = 
𝑛

 
 

 
… (17) 

 

… (18) 
1 𝑛 + 1 

So we get: 
 

𝑛 𝛽  
= ( 

𝛼  

) 
 

… (19) 
𝑛 + 1 𝑡1 

 

Taking the logarithm of both sides of equation (19), we get: 
 

𝑛 
ln ( ) = 𝛼          ln(𝛽 ) − 𝛼          ln(𝑡 ) … (20) 

 

𝑛 + 1 1 

From equation (5) we obtain: 
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𝑛 + 1 

𝛼      [∑ ln(𝑡𝑖) − 𝑛 ln(𝛽 )] = 𝑛 … (21) 
 

∴ ln(𝛽 ) = 
𝛼  ∑ ln(𝑡𝑖 ) − 𝑛 

𝛼  𝑛 

 

… (22) 

And by substitute equation 22 with equation 20 we obtained the follow: 
 

𝑛 𝛼  ∑ ln(𝑡𝑖) − 𝑛 
ln ( ) = 𝛼          ( ) − 𝛼      ln(𝑡 ) … (23) 

  

𝑛 + 1 𝛼                        𝑛 1 

𝑛 [1 + ln (
 𝑛 

)] 

𝛼 𝐸𝑀  =   𝑛 + 1  
∑ ln(𝑡𝑖) − 𝑛 ln(𝑡1) 

… (24) 

 

And by substitute equation 24 with equation 22 we obtained the follow: 

𝑛 [1 + ln (
 𝑛 

)] ∑ ln(𝑡 ) − 𝑛[∑ ln(𝑡 ) − 𝑛 ln(𝑡 )] 
∴ ln(𝛽 ) = 𝑛 + 1 𝑖 𝑖 1 … (25) 

𝑛 {𝑛 [1 + ln (
    𝑛  

)]} 
𝑛 + 1 

∑ ln(𝑡 ) ln (
    𝑛    

) − 𝑛 ln(𝑡 ) 
𝛽  = EXP [ 𝑖 𝑛 + 1 1 ] … (26) 
𝐸𝑀 

𝑛 [1 + ln (
 𝑛 

)] 
 

The reliability function of the non-parametric method is as follows: 
 

𝛽  𝛼 𝐸𝑀 

𝑅 𝐸𝑀 (𝑡) = ( 
𝐸𝑀

)
 

𝑡 
… (27) 

 

And that the distribution of the series system, respectively, and each unit has a Pareto 

distribution according to the non-parametric method estimate is as follows: 

𝑛 𝛼 𝛽 𝑛 𝛼𝐸𝑀 

𝑓 (𝑡) =
  𝐸𝑀 𝐸𝑀  … (28) 

𝑆 𝐸𝑀 
𝑡𝛼𝐸𝑀(𝑛−1) 

 

To find the system failure ratio function (𝐻𝑅𝑆(𝑡)), it can be obtained as in equation (15) as 

follows:[5] 

 
ℎ (𝑡) = 

𝑛 𝛼𝑀𝐿  
= 𝐻𝑅 (𝑡) … (29) 

 

𝑆 𝐸𝑀 𝑡−𝛼𝑀𝐿 𝑆 

 
 

IV. Simulation 
 

Five simulation experiments are designed to repeat 1000 times, to sample sizes (n = 10, 20, 30,        

40,        50)        and        for        initial        parameter        values 0    0.5,1,1.2 ,1.5 , 2.5 , 

0    0.2, 0.4, 0.5, 0.8, 1 , And based on  initial  values of failure time Pareto parameters with 

two parameters, reliability function as well as reliability function were estimated as a series system, 

respectively (𝑡0 = 1.25, 3.25, 5, 7.8, 9) The MSE was calculated for all estimates. 
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Table No. (1) Shows the estimated values for the Pareto distribution parameters, the reliability function, and the Reliability series system function, 

respectively, for two estimated methods and calculating the MSE statistic for each estimate and for the first experience 

 

   
 

Estimation 

 
 

MSE 

 
 

.5 

 
 

.2 

 
 

MLE 

 
 

Emparcal E 

 
 

MLE 

 
 

Emparcal E 

   
𝛼1 

 
𝛽1 

R 

t1 

R 

ts1 

 
𝛼2 

 
𝛽2 

R 

t2 

R 

ts2 

 
𝛼1 

 
𝛽1 

R 

t1 

R 

ts1 

 
𝛼2 

 
𝛽2 

R 

t2 

R 

ts2 

 

 

 

 

 

 

 

 

 
0 

 
 

.25 

0 

.626661 

1 

.242421 

0 

.992872 

7 

.172504 

0 

.566934 

0 

.667522 

0 

.707602 

0 

.054621 

0 

.442019 

1 

.617503 

1 

.005346 

8 

159.711 

0 

.361776 

0 

.463595 

0 

.51078 

0 

.005135 

 
 

.25 

0 

.629216 

1 

.235018 

0 

.555195 

0 

.030295 

0 

.569246 

0 

.674436 

0 

.428003 

0 

.00125 

0 

.454843 

1 

.62084 

0 

.325971 

0 

.13321 

0 

.372273 

0 

.473021 

0 

.196952 

7 

.15E-06 

 
0 

.614562 

1 

.258113 

0 

.444786 

0 

.003272 

0 

.555988 

0 

.661925 

0 

.347221 

0 

.000305 

0 

.432801 

1 

.690017 

0 

.214293 

0 

.000255 

0 

.354232 

0 

.457907 

0 

.133277 

7 

.28E-07 

 
 

.8 

0 

.626981 

1 

.263115 

0 

.34141 

0 

.000862 

0 

.567223 

0 

.663715 

0 

.272744 

7 

.15E-05 

0 

.447194 

1 

.728014 

0 

.1315 

0 

.000122 

0 

.366012 

0 

.460398 

0 

.085872 

1 

.12E-07 

 
0 

.613287 

1 

.27294 

0 

.324808 

0 

.000401 

0 

.554835 

0 

.656163 

0 

.259783 

4 

.31E-05 

0 

.429666 

1 

.750941 

0 

.120204 

4 

.26E-06 

0 

.351666 

0 

.450963 

0 

.078273 

2 

.33E-08 

  
0 1 0 1 0 0 0 0 0 1 0 9 0 0 0 0 
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0 .25 .553637 .109917 .935065 .114875 .526625 .817782 .801501 .0202 .323687 .246462 .877497 0.41721 .292872 .67558 .645257 .000698 

 
 

.25 

0 

.553255 

1 

.102571 

0 

.554227 

0 

.000102 

0 

.526261 

0 

.822757 

0 

.491395 

1 

.03E-05 

0 

.321873 

1 

.227817 

0 

.313103 

4 

.36E-07 

0 

.291231 

0 

.683129 

0 

.24715 

1 

.7E-09 

 
0 

.55234 

1 

.107869 

0 

.442814 

4 

.06E-06 

0 

.525391 

0 

.818932 

0 

.395651 

6 

.6E-07 

0 

.322718 

1 

.242343 

0 

.203208 

6 

.39E-10 

0 

.291995 

0 

.677179 

0 

.163321 

1 

.25E-11 

 
 

.8 

0 

.552934 

1 

.110535 

0 

.350976 

2 

.39E-07 

0 

.525956 

0 

.816883 

0 

.316616 

2 

.49E-08 

0 

.324251 

1 

.247454 

0 

.130484 

2 

.94E-12 

0 

.293382 

0 

.674168 

0 

.106536 

1 

.76E-14 

 
0 

.554924 

1 

.111122 

0 

.323935 

5 

.19E-08 

0 

.527849 

0 

.817106 

0 

.293183 

7 

.62E-09 

0 

.325522 

1 

.249461 

0 

.111552 

1 

.56E-13 

0 

.294533 

0 

.674472 

0 

.091876 

2 

.13E-15 

 

 

 

 

 

 

 

 

0 

 
 

.25 

0 

.533676 

1 

.072419 

0 

.921228 

0 

.564314 

0 

.516177 

0 

.873271 

0 

.831753 

0 

.00725 

0 

.295701 

1 

.155944 

0 

.850063 

1 

17.9246 

0 

.276627 

0 

.766161 

0 

.693361 

9 

.74E-05 

 
 

.25 

0 

.538682 

1 

.070091 

0 

.552871 

7 

.38E-07 

0 

.521019 

0 

.875329 

0 

.508896 

6 

.86E-08 

0 

.300645 

1 

.150078 

0 

.309618 

2 

.35E-11 

0 

.281252 

0 

.769278 

0 

.262882 

2 

E-13 

 
0 

.537919 

1 

.073798 

0 

.442751 

1 

.95E-08 

0 

.52028 

0 

.872175 

0 

.409359 

1 

.38E-09 

0 

.300939 

1 

.158507 

0 

.201063 

1 

.68E-13 

0 

.281527 

0 

.764096 

0 

.17241 

1 

.75E-16 

 
 

.8 

0 

.539504 

1 

.07628 

0 

.350166 

1 

.59E-10 

0 

.521813 

0 

.871076 

0 

.325644 

8 

.65E-12 

0 

.301975 

1 

.16487 

0 

.127123 

1 

.49E-17 

0 

.282496 

0 

.762592 

0 

.110237 

1 

.51E-20 

  

0 

 

1 

 

0 

 

3 

 

0 

 

0 

 

0 

 

3 

 

0 

 

1 

 

0 

 

6 

 

0 

 

0 

 

0 

 

3 
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  .532116 .073692 .329647 .59E-11 .514668 .872486 .308162 .42E-12 .293523 .159253 .113343 .62E-19 .274589 .765081 .099086 .08E-21 

 

 

 

 

 

 

 

 

 
0 

 
 

.25 

0 

.527191 

1 

.051058 

0 

.912367 

0 

.073366 

0 

.514173 

0 

.905592 

0 

.84792 

0 

.002472 

0 

.285478 

1 

.107431 

0 

.83317 

0 

.150116 

0 

.271553 

0 

.822038 

0 

.719761 

1 

.27E-05 

 
 

.25 

0 

.526344 

1 

.055429 

0 

.555673 

5 

.39E-09 

0 

.513347 

0 

.901826 

0 

.520786 

4 

.31E-10 

0 

.28467 

1 

.116995 

0 

.311769 

1 

.21E-15 

0 

.270785 

0 

.815395 

0 

.274201 

5 

.59E-18 

 
0 

.52924 

1 

.055595 

0 

.442962 

1 

.78E-11 

0 

.516172 

0 

.902288 

0 

.417498 

1 

.24E-12 

0 

.288004 

1 

.118025 

0 

.199789 

5 

.16E-20 

0 

.273957 

0 

.816476 

0 

.177764 

9 

.89E-23 

 
 

.8 

0 

.525431 

1 

.051606 

0 

.353822 

9 

.96E-15 

0 

.512457 

0 

.905293 

0 

.336742 

3 

.44E-15 

0 

.283401 

1 

.10908 

0 

.128652 

7 

.87E-27 

0 

.269578 

0 

.821698 

0 

.116684 

1 

.68E-27 

 
0 

.527235 

1 

.05312 

0 

.327903 

4 

.27E-15 

0 

.514216 

0 

.904006 

0 

.312141 

3 

.39E-16 

0 

.285422 

1 

.112125 

0 

.110885 

9 

.57E-27 

0 

.2715 

0 

.819331 

0 

.100644 

2 

.1E-29 

 

 

 

 

 

 
0 

 
 

.25 

0 

.520877 

1 

.04225 

0 

.909563 

0 

.037342 

0 

.510562 

0 

.922423 

0 

.856568 

0 

.00085 

0 

.276714 

1 

.088336 

0 

.82787 

0 

.052638 

0 

.265863 

0 

.852352 

0 

.734323 

1 

.62E-06 

 
 

.25 

0 

.524374 

1 

.042468 

0 

.552825 

3 

.39E-11 

0 

.51399 

0 

.922294 

0 

.525664 

2 

.71E-12 

0 

.280806 

1 

.088602 

0 

.307948 

1 

.31E-19 

0 

.269794 

0 

.852026 

0 

.278669 

5 

.96E-22 

 
0 

.526298 

1 

.043053 

0 

.441405 

1 

.76E-14 

0 

.515876 

0 

.922078 

0 

.421423 

1 

.35E-15 

0 

.283114 

1 

.090112 

0 

.197717 

1 

.06E-25 

0 

.272012 

0 

.851787 

0 

.180279 

2 

.64E-28 

 
0 1 0 7 0 0 0 1 0 1 0 2 0 0 0 4 
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 .8 .518819 .03933 .355331 .01E-18 .508545 .924603 .342093 .36E-18 .274843 .081827 .128974 .09E-32 .264066 .856106 .119678 .71E-34 

 
0 

.521905 

1 

.042653 

0 

.328671 

6 

.04E-19 

0 

.51157 

0 

.922232 

0 

.315886 

2 

.53E-19 

0 

.277893 

1 

.08938 

0 

.110683 

1 

.06E-34 

0 

.266996 

0 

.852074 

0 

.102306 

3 

.71E-35 

 

 

Table No. (2) Shows the estimated values for the Pareto distribution parameters, the reliability function, and the Reliability series system function, 

respectively, for two estimated methods and calculating the value of the MSE statistic for each estimate and for the second experiment. 

 

   
 

Estimation 

 
 

MSE 

  
 

.4 

 
 

MLE 

 
 

Empirical E 

 
 

MLE 

 
 

Empirical E 

   
𝛼1 

 
𝛽1 

R 

t1 

R 

ts1 

 
𝛼2 

 
𝛽2 

R 

t2 

R 

ts2 

 
𝛼1 

 
𝛽1 

R 

t1 

R 

ts1 

 
𝛼2 

 
𝛽2 

R 

t2 

R 

ts2 

 

 

 

 

 

0 

 
 

.25 

1 

.270898 

1 

.115895 

0 

.871761 

1 

3.351 

1 

.149769 

0 

.810629 
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Table No. (3) Shows the estimated values for the Pareto distribution parameters, the reliability function, and the Reliability series system function, 

respectively, for two estimated methods and calculating the value of the MSE statistic for each estimate and for the third experience 
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Table No. (4) Shows the estimated values for the Pareto distribution parameters, the reliability function, and the Reliability series system function, 

respectively, for two estimated methods and calculating the value of the MSE statistic for each estimate and for the fourth experiment 
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Table No. (5) Shows the estimated values for the Pareto distribution parameters, the reliability function, and the Reliability series system function, 

respectively, for two estimated methods and calculating the value of the MSE statistic for each estimate and for the fifth experience 
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V. Conclusions 

1. The estimated values for the Pareto distribution parameters, the reliability function, and the 

Reliability series system function, respectively, to five experiments, the non-parametric estimation (Empirical) 

methods was better than the MLE(maximum likelihood estimation) method. 

2. When the sample size (n) is large, the estimated values for the Pareto distribution parameters, 

the reliability function, and the reliability function for the Reliability series system function, respectively, to five 

experiments, are reduced. 

3. The MSE statistic values for the non-parametric method of (Empirical) are less than the MLE 

method and this indicates the advantage of the (Empirical) method. 

4. MSE values decrease as the sample size (n) increases, for all estimated values, and for both 

methods. 
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