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Double Sequence Space of Fuzzy Real
numbers Defined by Double Orlicz Function
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Abstract-----Through this paper, we introduce some double sequence space of fuzzy real numbers defined by a
double Orlicz function. We study some of their features such that solidness, symmetricity, completeness etc., and

prove some Important results.
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1. Introduction

In our paper, (X,9) = (X,,, M., ) represents a double infinite array of elementsX,, , M, we mean thatX =
(%,.)be an infinite array of elements¥,and thatt = (M., )be an infiniteX,, , M,,array of
elements, .andW' denotes the family of allc?double sequences (i.e., (%s_r, E)J?s_r)is complex double
sequences).

The concept of fuzzy sets was presented by Zadeh [15]. It has wide range of implementation in almost all the
branches of studies. It attracted workers on double sequence spaces to present by different type of classes of
double sequences of fuzzy numbers.

Throughout the paper(Le,)¥, ()}, (co)F, (P, (c§)l-denote the classes of all bounded , convergent in
pringsheim's sense, null in pringsheim's sense, regularly convergent, regularly null, convergent in pringsheim's
sense of fuzzy real numbers respectively.

Now, we define the N-function Y (X, Mt)in theterm of double sequence spaces as follows:
Definition1.1[1,2]: A double Orlicz function is a function

M:[0,0) X [0,0) — [0,) X [0, «0)Such that

M(x,y) = (M;(x), M, (¥)),

M;:[0, ) — [0, ®@)andM,: [0, ) — [0, ),

such that M;, M,are Orlicz function which are continuous, non-decreasing, even, convex and satisfy the
following conditions

1) M;(0) = 0,M,(0) = 0 = M(0,0) = (M;(0), M»(0)) = (0,0),

2)M1(x) > 0: MZ(y) >0= M(X'Y) = (MI(X)IMZ(y)) > (0:0)
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forx > 0,y > 0, we mean by M(x,y) > (0,0), that M;(x) > 0, M,(y) > 0.
3)M; (x) = oo, M,(y) — o asx,y — oo, then

M(x,y) = (M;(x), Mz (y)) = (o0, 0)as(x, y) = (oo, c0),we mean by
M(x,y) — (o0, 0), that My (x) — o0, M,(y) - co.

Definition1.2:A double sequence(¥X, M) = (X,,, M,,)of fuzzy real numbers is said to be a double Cauchy
sequence if foreverye > 0 there exists N € V" such thath((xglr ) ( ims,t,mti,j)) < ewhere d(%,,,%;;) <
eand d(M,,, M;;) <eforalli >s>N,j >t > N, where

Definition1.3:A double sequence(X, M) = (xs,r, iUts‘r) of fuzzy real numbers is said to be bounded, if the set
{(x.:, M,,):5,t € N} of fuzzy real numbers is bounded

Battor and Neamah[1] used theidea of Orlicz function to construct the sequence spaceLy,we will use that idea to
construct adouble sequence space as follows:

=, 4,) -

;(%, m) € W': i Z {Y1 (%) VY, (‘JJ;“)} < oo, forsome p > 0},

s=1 r=1

where for

oo

o=y —x I Xox
Y, = =X, ewWh Y; 7 < oo, forsomep > 0Oy,

s=1 r=1

I I AV E]ﬁs,r
Ly, ={t =M, eWw :ZZ{\Q( 5 )}<00,forsomep>0.

s=1 r=1

The space LY with the norm

I D)l = inf {p > Oii {n (%) VY, (”ﬁ)} < 1},

s=1 r=1

where

' [oe] [oe] %sr
IXlly, = inf {p > O,ZZ\Q (7> < 1},

s=1 r=1

. NS
19y, = infJp >0, > %, (=) < 14

s=1 r=1

becomes a Banach space which is called a double Orlicz of a double sequence space.

The space L@is closely related to the spaceL?, which is an a double Orlicz of a double sequence space
withY (X, ) = |(X,M)|#, for 1 < p < .

2. DEFINITION AND PRELIMINARES

Troughout this study, adouble sequence is denoted by (X,,),( 9t,,)a double infinite array of fuzzy real
numbers.
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The primary studies on double sequences may be found in Bromwich [4]. Thereafter, it was searched by Hardy
[5], Moricz [6], Moricz and Rhoades [7], Tripathy [8], Tripathy and Sarma[9,10], Basarir and Sonalcan [11],
and many others. Hardy [5] studied the notion of regular convergence for double sequence.
We refer to the set of all closed and bounded intervalsx = [x;, x,]on therealline R by symbol D.
Forx = [x1,2,] €D,y = [¢1,42] €EDand 3 = [31,3,] € D ,w = [wy,ws,] €D, defined

d((x, y), (3, ’W)) = max[fx; — y1l, [x2 — 42D, (133 — w3, |74 — wy D]
It is recognized that (D, d) is a complete metric space .

The following information is taken from [14]

"A fuzzy number F is a fuzzy combination on the real axis, i.e., a mapping #: R — #(= [0,1]) associating
each real number v with its membership rank # (v), satisfies the following conditions :

1) The mapping 7 is convex if 7 (v) = H (s) A H(a) = min{H (s), H (a)}, where s< v < a.
2) The mapping H is normal if there exists v, € R such that H (vy) = 1,

3) The mapping 7 is upper-semi continuous if, for each e > 0, H ~1([0,c + €)) is open in the usual topology
of R forall c € #.

4) The closure of {v € R : H (v) > 0}, denoted by [#]°, is compact .

5) The mapping 7 is called non-negative if H (v) = 0, for all v < 0. The set of all non-negative fuzzy real
numbers is denoted by R*(#).

For 0<«x < 1, The a-level set [F]%, of the fuzzy real number H, defined by
HI*={veRHW) = a}.

The set of all upper-semi-continuous, normal , convex fuzzy real numbers is denoted by R(#) and
throughout the paper, by a fuzzy real number we mean that the number belongs to R(#)" .

Let d: R?(I) x R?>(I) » R be defined by
&((x' }’). (Z! W)) = SupOSD(Sld(([x]ocl [}’]m); ([Z]oc' [W]oc))'

Then, ddefines a metric on R?(I) and it is well-known that(R(I), d)) is acomplete metric space (one may refer
to puri and Ralescu[13]).

Let X = (¥,,), B = (M,,) be double sequence. A double sequences (¥X,B) = (%g,r, flﬁs,r) of fuzzy real numbers
be a convergent in pringsheim's sense to a fuzzy real numbers (¢;,,) if lim,, ., X,, = ¢; and lim,, ,,, M,, =
£, exists, and consequently

ltm;la (%s.rf ms.r) = (£1,42),

where s,¢ tend to oo if each independently to other .

LetX = (X,,), B = (M,,) be double sequence. A double sequence (X,B) = (X,,,M,,) of fuzzy real
numbers be a regularly converge if it converges in the pringsheim's sense and the below limits well be exist :

lim X, =4, (=123,...),
$—>00
lim M, =s,(r=1.23,...),
5—>00

and
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lim X, =j, (s =123, ...),
r—00
lim M,, =i, (s =123,...),
r—00

therefore
lim (X, M) = (L0, 50),

rll)n; (X, M) = (s, L)

If (%50 M), (Bsr Qse) € EP such that |X,,| < |B.,| and |M,,| < |Q.,|, and consequently |%,,, M.,| <
|B.., Q.| forall s,x €V, then a double sequence space E}. is said to be solid.

Let K ={(s;,1,):i EN;6; <6, <63<-- and 1; <1, <13 <--}SN XN and E} be a fuzzy double
sequence space. A K-step space of E}! is a double sequence space v£ = {(%,,.,) € w): (X,,) € E}.

A canonical pre-image of a double sequence(X,,, M,,) € Elis a double sequence (B, Qs,) € E} defined
as follows:

(%s‘t, &ms,r), If(s,1) € K,
(0,0), otherwise.

(%s,r: Qs,r) = {

[14] we defined a canonical pre-image of step space y£ is a compilation of canonical pre-images of all elements
in y&.

If it includes the canonical pre-images of all its step spaces, a double sequence space E} is said to be
monotone.

(X oyn )y Mu(mey) € EL, Where m is a permutation of implies (X,,, M,,) € EL, then a double sequence
space E} is said to be symmetrical.

A fuzzy real-valued double sequence space E} is said to be convergence free if (B,, Q.)€ E}
whenever(X,,, M,,) € E} and(X,,, M.,) = (0,0) implies(B.,, Qs,) = (0,0).

We define the following classes of sequences:

(L) Y=
‘Z %srl 6 (i E]'Rsr: 6
(XQ,,I; SUts'r) € WFI! Sups'r {Yl (%) \V YZ (%)} <o
forsome p > 0, ’
where
d(%,,,0
(xs.r) € Wg: SUPsx {Yl (Q)} < o0
(Loo)}li‘yl = P )
forsome p > 0,
and
I d(m,,,0)
(M,,) € Whisup, Y, | ——=—= )t <o
(Loo)}!TYZ = pP
forsome p > 0,
ONE

DOI: 10.37200/1JPR/V2412/PR200696
Received: 02 Jan 2020 | Revised: 15 Jan 2020 | Accepted: 28 Jan 2020 3733



International Journal of Psychosocial Rehabilitation, Vol. 24, Issue 02, 2020
ISSN: 1475-7192

(X, M.,) € Wl lim,, {Yl (—d(%”' €1)> VY, (—d(m;" {)2))} =0

p
for some p > 0,

)

where
() et f () g
(C)LLY1 = p
forsome p > 0,
and
(M., ¢
((mts,r) € le lims_r {YZ (M)} — 0 \
S R VO SO
orsome p > 0,
\ p |
(Co)}LY=
(%, M,,) € W lim,, {yl (@) vy, (M)} _
forsome p > 0, ’
where _ _
(1.0 et fo (L))
(Co)lll:‘Yl ,0 ’
forsome p > 0,
and

I J(%s,r:5)>}=
(o), { () EWP'hm“{Y2< P 01.

L forsome p > 0, J

Moreover, we define the classes of double sequences (c®)(Y), and (c§)k(Y)as follows.

A double sequence (%,,, M., ) € (ML) if (¥X,, M,,) € ()} (Y)and the next limits exist :

d(x , X,
limiiﬂ}{ (M» 0, ass > o, VreN,

S

X, ., S,
limiw{ ( ( o )>} ast—o> oo,Vs e N,

T

o d(m,,, Mm,)
lmiY [ ———= | =0, ass > o, VreN,
S

d(m,.,r
lim{zfz{Y ((—“5)>} =0, astr—-> o VseEN,

therefore
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1imY(%s_r, ‘.IRSJ):(O,O), as s » o, foreachr € W,
S

limY(%,,, M.,)=(0,0), as t - oo, for each s € V.
r

A double sequence (X,,,M,,) € (cHL(Y), if

X=X =s,=0foralls,t € W,
and
M =M, =r, =0,foralls,r € V.
We define
M) = @F() N L) (Y),
(mo)k = ()E () N (L) ().
3) Main Results

Theorem 3.1:The classes of double sequences (Lo, (Y), (cR)E(Y), (co®) (), (m)L(Y), and (mg) k- (Y)are
complete metric spaces with respect to the distance definedby

f(E M), (B,2)=

‘Z(xs,r' wts,t)) V —Y-z (d_(%s,t’ QS,I)) S 1

inf{p > 0:sup,, 1| V1 (

p p
where
. d_(%sr' ﬂnsr)
fFEI) =inf{p>0:sup, | V; T <1
(8., Q
f(B,Q) =inf{p > 0:sup,,| Y <(+“)) <1
Proof :

We prove it for the case (Lm)}(Y) and the other cases can be established next similar techniques..

Let (X9), (M%) be any Cauchy sequences in(Le,)k (Y1), (L) (Y,) respectively, hence (X!, M) = (XL, ML)
be a double Cauchy sequence in(Lg,)}(Y).

Lete > 0, x,, 7 > 0 be fixed. Then for each i > 0, there exists a positive integer N such that
0

fr, %) <= and fy ((ED?",ED?J')) < —, fori,j > N, and consequently,
r¥g 2 r¥p

i (@0, @, ) = (, (@ 9), fr, (@0 90))) < <

forall i,j = N.
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By definition of f, we obtain

inf [p > 0: sup,, {Y (%) VY. (%)} < 1}
SUP {Yl (@) VY. (—d(%/‘; )>} <1

foralli,j = N.

= supsr{n (—d(f“' ) )VYz (—d(im“’ ) )} <1
, fY1 (%s,r' }:S’r) fYZ (gﬁs,r' s,r)

foreach i,j = N,

~p )Gl

foreachs,x > 1 and forall i,j > N.

Thus,

Hence one can find r > 0 with Y; (”") >1andY, (”0) > 1, such that

a(x, d(m,, M
Y, <—(%“ ) ) < ¥, (52) andv, (—(im“ gn-‘"j‘) ) <v, (29
le (xs.t' xs,r) 2 sz (EUts,r' s,r) 2

Hence, Y(”O ”2“’) (Y1 (”") Y, (”0)) > (1,1), therefore,

fr () (AR < (3. (5)

This implies that

d(xi,x )<er S, ((EL®)), forall i,7=n,.

a(xi,x.) s%"-%=§ forall i,j = n,.
= d(x,¥,) < forall i,7 > n,.
and d(mi, ) < rTO fr, (M — W), forall i,7 > ny.
d(mi,m)) S%’-%=§ forall i,7 = ng

= d(M, M) < forall i,7 =n,. then

€
2
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a (%0 X,), (L, ML) ) < %To =< foralli,j >ny,

Hence (X!, M. .) is a double Cauchy sequence in R (#).

Thus ,

For each (0 < € < 1), there exists a positive integer N such that J((%é,t, X), (ML, ‘.Ut)) <e forall i,j =N.
where d(¥!,%) < eand 4 (MM, M) <€ forall i,j = N.

Taking 7 — oo and fixing i, so by using the continuity of Y = (Y;,Y;), we get

Thus,
a(xl,x d(Mm,, M
Bup,, {Yl (—( = )> VY, (—( - )>} <1,
p p
On taking the infimum of such p's, we get,

o> o fo (T2 (F5)
p > 0:sup,, Yy P VY, ) <1:<e

forall i = Nandj — oo.

Since (X4, M) € (L) (Y) and Y is continuous, it follows that (X, M) € (Le,)k(Y) .
This completes the proof of the theorem.

Property 3.2:The class of double sequences(L,)}(Y) is symmetric but the class of double
sequences(c)l(Y), (co)b (), (L), (R (Y),are not symmetric.

Proof: Noticeably the classof double sequences (LOO)E(Y)is symmetric. However, other the class of double
sequences, could be indicated by the following example.

Example 3.1:: Let's say the class of double sequences (c)}(Y). Consider

Y (X, M) = (X, M) and suppose the double sequence (X,,, M., ) be defined by

w+1,v+1), for—-1<v<0;
Ep M) (@) ={ (v +1,-v+1), for 0<v<1;
(0,0), otherwise,
where
(v+1), for—1<v<0;
FE) = {(—v + 1), for 0<v<1;
0, otherwise,
and
(rv+1), for—-1<v<0;
M) () = {(—v + 1), for 0<v<1;
0, otherwise,
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Fors > 1, we have

v+2, for-2<v<-1;
(%s,r) (17) = {_U; for —1<v<0;
0, otherwise,
and
v+2, for-2<v<-1;
(EIRS_r)(v) = {—17, for —1<v<0;
0, otherwise,

and consequently(X,., M, )can be defined as

(v+2,v+2), for—-2<v<-1;
(}:s,r» ﬂRs,r) (U) =4 (-v,-v), for —1<v<0;
(0,0), otherwise.

Let (B,,) ,(Qs,) be arearrangement of (%,,), (,,) respect which is defined by

v+1, for—1<v<0;
(585,5)(17) = [_v +1, for0<v<1;
0, otherwise.
and
v+1, for—1<v<0;
(Qs,s)(v) = [_v +1, for0<v<1;
0, otherwise.
Therefore, (B,., Q. )can be defined by
w+1L,v+1), for—1<v<0;
(SBs,s’ ‘Ds,s)(v) ={(-v+1,-v+1), for0<v<1;
(0,0), otherwise.
and fors # r, we have
v+ 2, for—-2<v<-—-1;
(%s,r)(v) = { -V, for—-1<v<0;
0, otherwise,
and
v+ 2, for—-2<v<-1;
(Ds,r)(v) = { -V, for—-1<v<0;
0, otherwise,
therefore, (%s,r, ﬂﬁm) can be defined by
w+2,v+2), for —2<v< -1,
(%s,rf Ds,r)(v) = (_v; —U), for —1<v< -1,
( 0 ] 0)1 OtherWise.

Thus,
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(%, M,,) € () but (B.,,Qs,) & ()h(Y).Hence (c)}(Y) is not
symmetric. In same sense, it can be indicated that other spaces of double

sequences are not symmetric too.

Property 3.3:The classes of double sequences (L., ﬂ(Y), (co)l'p(Y) and
(LY, (mg) !k (Vare solid.
Proof:Consider the class of double sequences(L,, ) (Y).Let (X,,, M,,)
€ (L)t (Y)and (B,,, Qs )be such that.

d(8.,,0) < d(%.,,0)
and

4(2.,,0) < d(M.,,0)
and consequently

A((Bor ), (0.0)) < d((Xs M), (0,0))

asY = (Y;,Y;) is increasing , we have

d((B,02.,), (0.0)) 3 (2 ((x.0M.0), 0,0))
P = SUDg 2 P

S ups,r Yl

Hence, the classes of double sequences(Lo, ) (Y) is solid. In same way, we could recognize other spaces are
solid too by following same sense .

Property 3.4:The classes of double sequences(c)!(Y), (c®)k(Y)and
(m)E(Y)are not monotone and hence not solid.
Proof :The following Example will lead to such result.

Example 3.2: Consider the class of double sequences space (c)}'p(Y) and Suppose Y (X, M) = (X, MVt). Let
J={(s1):s =1} SNV x V. Let (%, M,,) be define as :

(v +3), for—-3<v<-2,
(%)) ={sv(3s—1)"1 +3s(3s—1)"!, for—2<v<-1+s71,
0, otherwise.
and
(v+3), for—-3<v<-2,
(gﬁs,r)(v) =1sv(35—1)"! + 35(35s—1) 71, for-2<v<-1+s71
0, otherwise.
and consequently
(%0 M,,) ()=
(v+3,v+3), for—-3<v<-2
(5v(3s—1)7! + 3s5(3s—1)71),sv(3s—1) "' + 35(3s—1)71), for—-2<v<-1+s71,
(0,0), otherwise.
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Then (%,,, M,,) € )k (Y).
Let (B.,, Q) be the canonical pre-image of (X,,, sms,r)] for the sub set J of & x " .Then
o0 - {8 K0 <)
’ 0, otherwise.

and

(er)(v) = {(S]J_tsr) if (5,1) E],}.

0, otherwise.

and consequently

(5\)3 Q )(17) — {(xs,r! ﬂ:RS,t) lf (S, I‘) (= ]’}
(0,0)  otherwise,

Thus,(ﬁBw Qs,r) ¢ (c)}L(Y). Hence, (c)}',(Y)does not regard as a monotone. In the same way, It can be
indicated that other spaces of double sequences are not monotone too.

Hence, the spaces (¢)}(Y), (c®)%(Y) and m(Y) are not solid.
corollary 3.5:Z(Y;) N Z(Y,) € Z(Y; + Y3), for Z = (Le,)(Y), (©)h(Y), (c)k(Y), (DY), (V).
Proof:It is a simple evidence, therefore we delete it.

corollary 3.6:LetYandY; be two Orlicz function then Z(Y;) € Z(Y o Y;) for
Z = (L)}, (O () (€PN, () (m),and (mo).

Proof: We prove the result for the case Z = (co)}L, the other cases may be  proved by following similar
technique. Let € > 0, be given, there exists n > 0, such that e = Y(n). Let (X,,, M,,) € Z(Y;), then, there
exist kg, [y € IV, such that

d ((x SN L), (6, 6)
: (( 5,1 pgrr) ) < n, for some p > 0

(2. Mm.,), (0,0))

Let(B,, Q) = V3 P

,for some p > 0.

Since Y is continuous and non-decreasing, we get

(%0 M), (0,0))
p

<Y(n) = ¢

Y(B., Q) = Y1

for some p > 0.

Which implies that, (X, D) € Z(Y o Y;).

This completes the proof .

Corollary 3.7:Z(Y) € (L) k(Y)for Z = (c®)L, (c§)L-The inclusions are strict .

Proof:The inclusion Z(Y) € (Lo, )k(Y) for Z = (c®)L, (c§)} is obvious. For establishing that the inclusions
are proper, consider the following example.
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Example 3.3 LetY (X, M) = (X, M). Let the double sequence(%m, ﬁms_r), be defined by for s > r,

(%s,r' EDIs,r) )=

(v—s—-1DE-1DL(rv—s—1)(—-1)1), forl+s!<v<2;

B-v3-v), for2<v<3;
(0,0), otherwise.
where
((sv—s—l)(s—l)‘l), forl+s!<v<2;
(xs,t)(v) =33—-v, for2<v<3;
0, otherwise.
and
(v—s—1)(s—1)71), forl+st<v<2
(M) ) ={3-v, for2 <v<3;
0, otherwise.
andfors <r,
(sv—1)(s— 171, forsT' <v <1,
(%s,r)(v) ={-v+2 forl <v<2;
0, otherwise.
and
(sv—1)(s— 171, fors' <v<1;
(EIRs,r)(v) =y—-v+2, forl<v<2;
0, otherwise.

and consequently(%s,t, iD?s,r)can be defined as

(xs,r' 9J’tﬁ,r) (U) =

(ev—DE—-1D L (v—1DE—-11), forsT! < v <2;
(—v+2,-v+2) forl<v<2;
(0,0) otherwise.

Then,(%,,, M) € (L) (V) but (X, M,,) & Z(Y) for Z = (P}, ()}

Property3.8 The class ofdouble sequences(Lo,)k(Y), (¢®)L(Y), (cB)k(Y),
@), () (), M)L(Y), and (mg)!(Y) are not convergent free.

Proof: The result follows from the following example.
Example 3.4:Consider the classes of double sequences (c)}(Y).

Let Y(X, D)= (X, M) and(X,,, M,,) defined by(X;,, ;) = (0, 0)and for other values,

(.0 M) (v)=

(1’1)’ for 0 <v< 1,
(—svGE+ DT+ Rs+ D+ —st(s+ 1) T+ Qs+ 1D(s+ 1)), forl<v<2+s}
(0,0, otherwise.

where
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1, for0<v<1;
(%)) = {—sv(s +1D T+ Rs+ D+ D7, fori<v<2+s}
0, otherwise.
and
1, for0<v<1;
(M) (w) = {— su(s+ 1)+ 2s+1)(s+ 1)L, forl<v<2+s7);
0, otherwise.

Let thedouble sequence (B,,, Qs ), be defined by(B,,, Q;,) = (0,0), and for other values,

1, for0<v<1;
(%s,r)(v) = {(5 -v)(s—v)} forl<v<sg;
0, otherwise.
and
1, for0<v<1;
() ) = {(s - -v)7 forl<v<s;
0, otherwise.

and consequently (B,.,, Q.. )can be defined as

(1’1)’ fOI‘ 0 S v S 1,
(Bor Qur) ) = (6 — (- DL (s—v)(s—v)™) forl<v<sg
(0,0), otherwise.

Then (%,,) € ()} (), and (M,,) € (L.
= (%, M,,) € (L) but(B,,) ¢ (L), and (Qs,) & ()L (Y).
= (B0 Q) € (5.
Hence, the classes of double sequences (c)%(Y) is not convergent free. Similarly,

the other spaces are also not convergent free.
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