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Abstract--- In these paper we presented a new concept via fuzzy positional function properties were obtained 

and examples were provided to clarify these properties. 

Keywords--- Fuzzy Set, Fuzzy Filter, Fuzzy Positional Function, 𝜓𝟏-Operator. 

I. INTRODUCTION  

Zadeh is considered as the first researcher who established the notion of fuzzy set in 1965,Through his studies, 

has helped to remove ambiguity many Mathematical problems (1). Many scientists and researchers came after 

Zadeh and obtained surprising and surprising results. In addition, foggy groups had an important role in pure and 

applied mathematics and other disciplines such as computer science, electricity, mechanical, cryptography, and other 

sciences. Almohammed R. and Al-Swidi L.A introduced New Concepts of Fuzzy Local Function in 2019(2), also in 

same year introduced a New Types of Fuzzy Ψi- operator Generated by fuzzy ideal(3). Al-Razzaq AS and AL-Swidi 

LA In 2019 They classified the fuzzy sets theory as families [2], Well as in the same year they Finding and 

Taxonomy a New Fuzzy Soft points [3] and introduce the definition Soft Generalized Vague Sets [4]. 

II. PRELIMINARIES  

In this section we will mention the most important concepts used in this paper. The pair (1̌, τ ) is fuzzy topology 

space in Change [10]. ℱ̌ is collection fuzzy filter define in Lowen [5]. Where the triple (1̌, τ, ℱ̌) is called a 

fuzzy filter topological space (in short FℱT𝑆) . 

Definition 2.1 [4]. 

A fuzzy set �̌� is a set of ordered pairs consist of a generic element 𝑥 and its membership’s 𝑓𝐴(𝑥) define as. �̌� =

{ (𝑥, 𝑓𝒜(𝑥)), ∀ 𝑥 ∈ 𝑋, 𝑓𝒜 ∈ 𝒫(X, L)}.  

Definition2.2.[4].  

A fuzzy point denoted by P𝑦
λ for with support 𝑦 ∈ X and λ ∈ (0, 1] and the membership is P𝑦

λ(z) = {
λ if 𝑧 = 𝑦
0 if 𝑧 ≠ 𝑦

. 

 Definition 2.3.[11]. 

A fuzzy set �̌� is called quasi-coincident with a fuzzy set ℬ̌ denoted by �̌�qℬ̌ iff ∃ 𝑧 ∈  X ∋  𝑓𝒜(𝑧) + 𝑔ℬ(𝑧) > 1. 

Otherwise, �̌� is not quasi-coincident with ℬ̌ if 𝑓𝒜(𝑤) + 𝑔ℬ(𝑤) ≤ 1, ∀𝑤 ∈ X and denoted by�̌�℘ℬ̌. 

Definition 2.4.[9]. 

 Let �̌�, ℬ̌ any fuzzy set in ΓX. The stander intersection, stander of union and complement are from.  
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1. �̌� ∧ ℬ̌ = {(x, min { 𝑓𝒜(𝑥), gℬ(𝑥)}), ∀𝑥 ∈ X } 

2. �̌� ∨ ℬ̌ = {(x, max { 𝑓𝒜(𝑥), gℬ(𝑥)}), ∀𝑥 ∈ X} 

3. 1 − �̌� = {(x, 1 − 𝑓𝒜(𝑥)), ∀𝑥 ∈ X }.  

Definition 2.5. [9]. 

Let (1̌, τ , ℱ̌ ) be a Fℱ𝒯S . the fuzzy positional function of �̌� of the first type �̌�#1(ℱ̌, τ) defined by: 

�̌�#1(ℱ̌, τ) = ⋁ {P𝑥
λ; ∀ �̌� ∈  𝑞 − 𝒩(𝑃𝑥

𝜆), ∀ y ∈  X s. t 𝑚𝑎𝑥{0, 𝑓𝓊(𝑦) + 𝑔𝒜(𝑦) − 1} ≥ ℎ𝐹(𝑦) for every�̌� ∈ ℱ̌}. 

The fuzzy positional function of �̌� Denoted by�̌�#1or �̌�#1(ℱ̌)or �̌�#1(ℱ̌, τ). 

Definition 2.6 [10.11.12]. 

A subfamily m of ΓX is called a fuzzy minimal structure if it satisfies the following: 

1. 0̌, 1̌ belong to m. 

2. If �̌�𝑖  any fuzzy sets in m then ∨𝑖∈𝑁 �̌�𝑖 ∈ 𝑚. Where 𝑖 ∈ 𝑁 

The pair (1̌, m) is called a fuzzy m- space. 

III. A FUZZY 𝛙𝟏-OPERATOR 

In this section we will introduce a new concept called A fuzzy ψ1-operator while discussing the most important 

characteristics associated with this concept and giving examples showing those characteristics.  

Definition 3.1. 

Let (1̌, τ , ℱ̌ ) be a Fℱ𝒯S . A fuzzy ψ1-operator: ΓX ⟶ τ is defined as 

 ψ1(�̌�) =1̌ − (1̌ −  �̌�)#1 for any �̌� ϵ ΓX. 

 ψ1(�̌�)is fuzzy open, since (1̌ − �̌�)#1 is fuzzy closed. 

Example.3. 2. 

Let (1̌, τ , ℱ̌ ) be a Fℱ𝒯S . Let 𝑋= {1, 2, 3}, 𝐴= {1, 2}, 𝐵= {1, 3}, C= {1, 2} and 𝐹= {1, 3}. The memberships 

of �̌�, ℬ̌, Č and F̌ are: 

𝑓𝐴(𝑥) = {

1

2
 if 𝑥 = 1

7 

10 
 if 𝑥 = 2

 ∀𝑥 ∈ A,  

 𝑔𝐵(𝑥) =
2𝑥 

10
 ∀𝑥 ∈ B, 

 K𝐶(𝑥) =
X+7

10
 ∀𝑥 ∈ C,  

hF(𝑥) =
3x+1 

10
 ∀𝑥 ∈ F.  

�̌�={( 1,0.5), (2, 0.7 ), (3,0)}, 

ℬ̌={(1, 0.2), (2, 0), (3,0.6)},  
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Č={(1, 0.8), (2, 0.9), (3,0)},  

ℬ̌⋀Č = {(1, 0.2), (2, 0), (3,0)},  

ℬ̌⋁Č = (1, 0.8), (2, 0.9), (3,0.6)}, 

ℱ̌ = {1̌, �̌�}⋁{ℊ̌; ℊ̌ ≥ �̌�}.Where �̌�= {( 1, 0.4), (2, 0 ), (3, 1)}.  

Put τ = { 0̌, 1̌,, ℬ̌, Č, ℬ̌⋀Č, ℬ̌⋁Č}  

ψ1(�̌�)={ (1, 0.8), (2, 0.9), (3,0.6)}. 

Theorem 3.3. 

Let (1̌, τ , ℱ̌ ) be a Fℱ𝒯S . �̌�, ℬ̌ be any two fuzzy sets in Γ𝑋 then, 

1. For each fuzzy set �̌�, ψ1(�̌�) is open. 

2. If �̌� ≤  ℬ̌,then ψ1(�̌�) ≤ ψ1(ℬ̌). 

3. ψ1(�̌�⋁ℬ̌)= ψ1(�̌�)⋁ψ1(ℬ̌).  

4. ψ1(�̌�⋀ℬ̌) =  ψ1(�̌�)⋀ψ1(ℬ̌). 

5. ψ1(0̌) = 1̌ −  1̌#1, and ψ1(1̌) = 1̌. 

6. ψ1(�̌�) ≤  ψ1 (ψ1(�̌�)) 

7. ψ1(�̌�) = ψ1 (ψ1(�̌�)) 𝑖𝑓𝑓 (�̌�𝑐)
#1

= [(�̌�𝑐)
#1

]
#1

. 

8. ψ1(�̌� − 𝐹) = ψ1(�̌�) = ψ1(�̌�⋁𝐹).for 𝐹 ∉ ℱ. 

9. ψ1𝑌
(�̌�) = [1 − (𝑌 − �̌�)

#1
} ⋀𝑌,for any 𝑌 ⊆ 𝑋. 

Proof. 

1. Since �̌�# is closed, thus ψ1(�̌�) = [(�̌�𝑐)
#1

] 𝑐 is open. 

2. Let �̌� ≤ ℬ̌, 𝑆𝑜 1̌ − ℬ̌ ≤ 1̌ − �̌� by theorem.3.5 part (1) in [9], we have  

(1̌ − ℬ̌)
#1

≤ (1̌ − �̌�)
#1

 𝑤ℎ𝑖𝑐ℎ 𝑖𝑚𝑝𝑙𝑦 𝑡ℎ𝑎𝑡 1̌ − (1̌ − �̌�)
#1

≤ 1̌ − (1̌ − ℬ̌)
#1

. Thus ψ1(�̌�) ≤ ψ1(ℬ̌). 

3. ψ1(�̌�⋁ℬ̌) = [((�̌�⋁ℬ̌)
𝑐
)

#1
]

𝑐

= [(�̌�𝑐⋀ℬ̌𝑐)
#1

]
𝑐

 

= [(�̌�𝑐)
#1

⋀(ℬ̌𝑐)
#1

]
𝑐

 = [(�̌�𝑐)
#1

] 𝑐⋁[(ℬ̌𝑐)
#1

] 𝑐 = ψ1(�̌�)⋁ψ1(ℬ̌). 

4. ψ1(�̌�⋀ℬ̌) = [((�̌�⋀ℬ̌)
𝑐
)

#1
]

𝑐

= [(�̌�𝑐⋁ℬ̌𝑐)
#1

]
𝑐

 

= [(�̌�𝑐)
#1

⋁(ℬ̌𝑐)
#1

]
𝑐

 = [(�̌�𝑐)
#1

] 𝑐⋀[(ℬ̌𝑐)
#1

] 𝑐 = ψ1(�̌�)⋀ψ1(ℬ̌). 

5. Clearly, ψ1(0̌) = 1̌ − ( 1̌ − 0̌)
#1

= 1̌ − ( 1̌)
#1

.  

Also, ψ1(1̌) = 1̌ − ( 1̌ − 1̌)
#1

=1̌ − ( 0̌)
#1

=1̌ − 𝜙=1̌. 

6. ψ1(�̌�) = 1̌ − (1̌ − �̌�)
#1

 ≤ 1̌ − ((1̌ − �̌�)
#1

)
#1
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= 1̌ −  (1̌ − (1̌ − (1̌ − �̌�)
#1

)
#1 

= ψ1 (ψ1(�̌�)) 

7. Since ψ1 (ψ1(�̌�)) = ψ1 ([(�̌�𝑐)
#1

]
𝑐

) 

= [([[[�̌�𝑐]#1]𝑐]𝑐)
#1

]
𝑐

= [[[�̌�𝑐]#1]#1]𝑐.  

So ψ1(�̌�) = ψ1 (ψ1(�̌�)) =  ψ1 ([(�̌�𝑐)
#1

]
𝑐

) = [[(�̌�𝑐)
#1

]
#1

]
𝑐

 

  𝑖𝑓𝑓 (�̌�𝑐)
#1

= [(�̌�𝑐)
#1

]
#1

. 

8. ψ1(�̌� − 𝐹) =  (�̌�⋀𝐹𝑐)𝑐 #1𝑐

=[�̌�𝑐⋁𝐹]#1𝑐
≥  (�̌�𝑐 #1

⋁ϕ)𝑐 =  �̌�𝑐 #1𝑐

 

. Thus ψ1(�̌�) ≤ ψ1(�̌� − 𝐹). But �̌� − �̌� ≤ �̌�, 𝑡ℎ𝑒𝑛 

 ψ1(�̌� − 𝐹) ≤ ψ1(�̌�). also ψ1(�̌�) = ψ1(�̌� − 𝐹) ∀𝐹 ∉  ℱ. 

9. ψ1𝑌
(�̌�) = 𝑌 − [(𝑌 − �̌�)

#1

𝑌
] = [1̌ − [[(𝑌 − �̌�)

#1
]⋀𝑌]⋀𝑌 = [(1̌ − (𝑌 − �̌�)

#1
)⋁(1̌ − 𝑌)]⋀𝑌 = (1̌ −

(𝑌 − �̌�)
#1

⋀𝑌. 

Note 3.4.  

If �̌�, ℬ̌ any two fuzzy sets in Γ𝑋 then, 

1. �̌� ≤ ℬ̌, then ψ1(ℬ̌) ≰   ψ1(�̌�) 

2. ψ1(ψ1(�̌�)) ≰ ψ1(�̌�). 

The following example shows that. 

Let (1̌, τ , ℱ̌ ) be a Fℱ𝒯S . Let 𝑋 = {1, 2, 3}= 𝒜 {1,2,3}=ℬ= D, ℋ = {3} and 𝒷 = {1,2}. 

The memberships of �̌�, ℬ̌, �̌�, ℋ̌ and 𝒷 are: 

𝑓𝒜(𝑥) =
𝑥+2

10
 ∀𝑥 ∈ 𝒜,  𝑔ℬ(𝑥) =

𝑥+5 

10
 ∀𝑥 ∈ ℬ, 

 K𝒟(𝑥) =
10−𝑥

10
 ∀𝑥 ∈ 𝒟, Lℋ(𝑥) =

3𝑥

10
 ∀𝑥 ∈ ℋ,   

ℎ𝒷(𝑥) =
𝑥+1 

10
 ∀𝑥 ∈ 𝒷, 

�̌�={( 1,0.3), (2,0. 4 ), (3,0.5)},  

ℬ̌={( 1,0.6), (2, 0.7 ), (3,0.8)}, 

�̌�={( 1,0.9), (2, 0.8 ), (3,0.7)}, 

ℋ̌={( 1,0), (2, 0 ), (3,0.9)},  

�̌�⋀ℋ̌ = {(1, 0), (2, 0), (3,0.9)}. 

�̌�⋁ℋ̌={(1, 0.9), (2, 0.8), (3,0.9)}. 

ℱ̌ = {1̌, 𝒷}⋁{�̌�; �̌� ≥ 𝒷}.Where 𝒷= {( 1, 0.2), (2, 0.3 ), (3, 0)}.  
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Put τ = { 0̌, 1̌, �̌�, ℋ̌, �̌�⋀ℋ̌, �̌�⋁ℋ̌}. 

ψ1(�̌�)= {(1, 0), (2, 0), (3,0.9)}, 

ψ1(ℬ̌)={(1, 09), (2, 0.8), (3,0.9)}, 

Hence ψ1(ℬ̌) ≰   ψ1(�̌�) 

Also, ψ1(ψ1(�̌�)) = 1̌, 

Thus ψ1(ψ1(�̌�)) ≰ ψ1(�̌�) 

Theorem 3.5. 

Let (1̌, τ, ℱ̌  )be a Fℱ𝒯S . Let ℱ̌1, ℱ̌2  two fuzzy filters and �̌� be a fuzzy set, the following statement are hold: 

1. If ℱ̌1 ⊆ ℱ̌2, then ψ1(�̌�)(ℱ̌1) ≤  ψ1(�̌�)(ℱ̌2  
). 

2. ψ1(�̌�)(F̌1⋀ F̌2)=ψ1(�̌�)(F̌1)⋀ ψ1(�̌�)(F̌2 
). where F̌1 ∈̌ ℱ̌1and F̌2 ∈̌ ℱ̌2. 

Proof. 

1. ℱ̌1 ⊆ ℱ̌2  by Theorem 3. 8 part (1) in [9], we get �̌�#1(ℱ̌1) ≤ �̌�#1(ℱ̌2). Also is true when (1̌ −

�̌�)#1(ℱ̌1)  ≤ (1̌ − �̌�)#1(ℱ̌2) taking complement, we get ψ1(�̌�)(ℱ̌2) ≤  ψ1(�̌�)(ℱ̌1  
). 

2. ψ1(�̌�)(F̌1)⋀ ψ1(�̌�)(F̌2 
) 

=[ (1̌ − (1̌ − �̌�)
#1

)(F̌1)] ⋀ [((1̌ − (1̌ − �̌�)
#1

)(F̌2)]  

= 1̌ − [((1̌ − �̌�)
#1

)(F̌1) ⋁(((1̌ − �̌�)
#1

)(F̌2)] by theorem 3.8 part (2) in [9] 

=1̌ − [(1̌ − �̌�)
#1

(F̌1⋀F̌2)] =ψ1(�̌�)(F̌1⋀ F̌2). 

Note 3.6. 

If Ǎ any fuzzy set in Γ𝑋 then, If ℱ̌1 ⊆ ℱ̌2 then ψ1(�̌�)(ℱ̌1) ≰  ψ1(�̌�)(ℱ̌2  
). 

The following Examples illustrate that. 

Let (1̌, τ, ℱ) be a Fℱ𝒯S, and 𝑋= {1, 2, 3} =𝐴 = 𝐵, 𝐹1 = {1,2, 3},𝐹2 = {1, 3},C={2}.The membership of �̌�, �̌�, �̌�1, 

�̌�2 and 𝐶,̌are. 

𝑓 𝐴(𝑥) =
𝑥+ 6

10
 ∀𝑥 ∈ A,  g𝐵(𝑥) = {

9 

10
 𝑖𝑓𝑥 𝑖𝑠 𝑜𝑑𝑑 

8 

10
𝑖𝑓𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛

 ∀𝑥  ∈ B, K𝐶(𝑥) =
4𝑥+1

10
 ∀𝑥 ∈ C, h𝐹1

(𝑥) =
𝑥+3 

10
 ∀𝑥 ∈ 𝐹2,  h𝐹2

(𝑥) =

𝑥 

10
 ∀𝑥 ∈ 𝐹1. 

�̌�={( 1,0.7), (2, 0.8), (3,0.9)}, 

1̌ − �̌�={( 1,0.1), (2, 0.2), (3,0.3)}, 

�̌�={(1, 0.9), (2, 0.8), (3,0.9)}, 
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�̌�={(1, 0), (2, 0.9), (3,0)},  

�̌� ⋀∁̌= {(1, 0), (2, 0.7), (3,0)}, 

�̌� ⋁∁̌={(1, 0.6), (2, 0.9), (3,0.8)}. 

Let τ = { 0̌, 1̌, �̌�, ∁̌, �̌� ⋀∁̌, �̌� ⋁∁̌} and 

ℱ̌1 = {1̌, �̌�1} ∪ {ℊ̌; ℊ̌ ≥ �̌�1}.Where �̌�1= {( 1, 0.4), (2, 0.5 ), (3, 0.6)}. 

ℱ̌2 = {1̌, �̌�2} ∪ {ℓ̌; ℓ̌ ≥  �̌�2}. Where �̌�2= {( 1, 0.1), (2, 0 ), (3, 0)}. Then,  

 ψ1(�̌�)(ℱ̌1  
)= 1̌ And, 

 ψ1(�̌�)(ℱ̌2)= {(1, 0.6), (2, 0.9 ), (3,0.4)}. 

ψ1(�̌�)(ℱ̌1) ≰  ψ1(�̌�)(ℱ̌2 
). 

Theorem 3.7. 

 Let τ1 and τ2 be two fuzzy topologies such that τ2 finer than τ1 and �̌� be any fuzzy set. For any fuzzy filter ℱ̌, 

then �̌�#1(τ2, ℱ̌) ≤  �̌�#1(τ1, ℱ̌). 

Proof. 

Let P𝑥
λ ∈̃ �̌�#1(τ2, ℱ̌), ∀ �̌� ∈ τ2 s. t q − 𝒩(Px

λ), ∀ y ∈  X such that 

 max{0, f𝓊(y) + g𝒜(y) − 1} ≥ hF(y) for some F̌ ∈ ℱ̌}, also is true for all �̌�  ∈  q₋𝒩(P𝑥
λ) in τ1 because τ1 ⊆

τ2, we have that P𝑥
λ ∈̃ �̌�#1(τ1, ℱ̌). 

Theorem 3. 8. 

If  𝜏1, 𝜏2 are fuzzy topologies, τ2 finer than τ1. Then, ψ1(�̌�)(𝜏1, ℱ̌) ≤ ψ1(�̌�)(𝜏2, ℱ̌). 

Proof. 

Let (1̌ − �̌�) ∈ ΓX, then 

(1̌ − �̌�)
#1

(𝜏2) ≤  (1̌ − �̌�)
#1

(𝜏1) by Theorem 3.7. taking complement then 

 (1̌ − (1̌ − �̌�)
#1

)(𝜏1) ≤  (1̌ − (1̌ − �̌�)
#1

)(𝜏2), thus 

ψ1(�̌�)(𝜏1, ℱ̌ ) ≤ ψ1(�̌�)(𝜏2, ℱ̌). 

Note 3.9. 

Let (1̌, τ , ℱ̌ ) be a Fℱ𝒯S .then the following statement are hold. 

1. If �̌� ∈ 𝜏, then �̌� ≤  ψ1(�̌�).  

2. For each fuzzy set �̌� ∈ Γ𝑋, 𝑖𝑛𝑡�̌� ≤  ψ1(�̌�) = 𝑖𝑛𝑡(ψ1(�̌�)). 
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Proof.  

1. Let �̌� ∈ 𝜏, 𝑠𝑖𝑛𝑐𝑒 ψ1(�̌�) =  �̌�𝑐 #1𝑐

 and �̌�𝑐  𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑, 𝑆𝑜 �̌�𝑐 #1
≤ 𝑐𝑙�̌�𝑐=�̌�𝑐 . 

This imples �̌� ≤  �̌�𝑐 #1𝑐

= ψ1(�̌�). Thus �̌� ≤  ψ1(�̌�). 

2. Since 𝑖𝑛𝑡�̌� is open, then by part(1) 𝑖𝑛𝑡�̌� ≤  ψ1(𝑖𝑛𝑡�̌�) …(*)  

Also, 𝑖𝑛𝑡�̌� ⊂ �̌�, by Theorem3.1. part(2),we have ψ1(𝑖𝑛𝑡�̌�) ≤ ψ1(�̌�)…(**) 

From (*) and (**), 𝑖𝑛𝑡�̌� ≤  ψ1(�̌�). Again since 𝑖𝑛𝑡�̌� is open ψ1(�̌�) then  

ψ1(�̌�) = 𝑖𝑛𝑡(ψ1(�̌�)).Hence 𝑖𝑛𝑡�̌� ≤  ψ1(�̌�) = 𝑖𝑛𝑡(ψ1(�̌�)). 

Definition 3.10. 

Let (1̌, τ , ℱ̌ ) be a Fℱ𝒯S  , a fuzzy set �̌� is called ℱ̌- Fuzzy dense if  𝐴#1=1̌. 

Example 3.11.  

 Let (1̌, τ, )be a F𝒯S, and 𝑋= {1, 2}, 𝐴, 𝐸, 𝐹 are subset of 𝑋 s.t 

𝐴={1, 2} with the memberships of �̌�, 𝑇A(𝑥) = {
𝑥+8 

10
, 𝑥 ∈ A

0, 𝑥 ∉ A
 

E={1,2} with the memberships of �̌�, {
4𝑥 

10
, 𝑥 ∈ A

0, 𝑥 ∉ A
 

F= {1} with the memberships of �̌�, ℎ𝐹(𝑥) = {
2𝑥 

10
, 𝑥 ∈ F

0, 𝑥 ∉ F
  

we get, 

�̌�={(2, 0.9 ), (3,1)}, 

�̌�={(1, 0.4), (2, 0.8)}, 

Let τ = {0̌, 1̌, �̌�} and 

ℱ̌ = {1̌, �̌�} ∪ {ℊ̌ ∈ Γ𝑋; ℊ̌ ≥ �̌�}.Where �̌�= {( 1, 0.2), (2, 0 )}. 

�̌�#1 =1,then �̌� is called ℱ̌-dense. 

Note 3.12. 

Let (1̌, τ , ℱ̌ ) be a Fℱ𝒯S . Then the following statement are hold: 

1. �̌�𝑐  𝑖𝑠 ℱ − 𝑑𝑒𝑛𝑠𝑒 𝑖𝑓𝑓 ψ1(�̌�). = 0̌. 

2. �̌� 𝑖𝑠 ℱ − 𝑑𝑒𝑛𝑠𝑒 𝑖𝑓𝑓 ψ1(�̌�𝑐) = 0̌. 

Proof:  

1. Clearly ψ1(�̌�) = �̌�𝑐 #1𝑐

=  0̌ 𝑖𝑓𝑓 �̌�𝑐 #1
= 1̌ 𝑖𝑓𝑓�̌�𝑐𝑖𝑠 ℱ − 𝑑𝑒𝑛𝑠𝑒. 

2. ψ1(�̌�𝑐) =  �̌�𝑐 𝑐 #1𝑐

= 0̌ 𝑖𝑓𝑓 �̌�#1 = 1̌ 𝑖𝑓𝑓 �̌� 𝑖𝑠 ℱ − 𝑑𝑒𝑛𝑠𝑒. 
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Note 3.13.  

Let (1̌, τ , ℱ̌ ) be a Fℱ𝒯S . Then 1̌ − {Px
λ} is ℱ − 𝑑𝑒𝑛𝑠𝑒 for any Px

λ ∈  ΓX iff ψ1({Px
λ}) = 0̌. 

Proof. 

 1̌ − {Px
λ}is ℱ − 𝑑𝑒𝑛𝑠𝑒 𝑖𝑓𝑓 (1̌ − {Px

λ})
#1

= 1̌ 𝑖𝑓𝑓 (1 − {Px
λ})

#1𝑐

= 0̌ iff ψ1({Px
λ}) = 0̌. 

Definition 3. 14. 

Let �̌� be any fuzzy sets of 1̌, we define the collections 𝜎 and 𝜎0 by. 

(1) 𝜎1 ={ �̌� ∶  �̌� ≤  ψ1(�̌�)}. 

(2) 𝜎0
1 ={ �̌� ∶  �̌� ≤  int (𝑐𝑙 ψ1(�̌�))}. 

Proposition 3. 15.  

The collections 𝜎1and 𝜎0
1 are mx-space. 

Proof:  

1. (i) by theorem 3.1 part(5) we have (1) ψ1(0̌) = 1̌−1̌#1 then 0̌ ≤ ψ1(0̌) thus 0̌ ∈  𝜎1. Also ψ1(1̌) = 1̌−0̌#1 =

1̌. then 1̌ ≤ ψ1(1̌) thus 1̌ ∈  𝜎1. 

 (ii) let {�̌�ℷ ∶  ℷ ∈ Λ} ⊆  𝜎1. 𝑆𝑜 �̌�ℷ ≤  ψ1(�̌�ℷ) ∀ ℷ ∈ 𝛬 𝑖𝑚𝑝𝑙𝑦 𝑡ℎ𝑎𝑡 �̌�ℷ ≤ ψ1(�̌�ℷ) ⊆ ψ1(∨ �̌�ℷ) 𝑡ℎ𝑎𝑡 𝑖𝑠 ∨

�̌�ℷ ⊆  ψ1(∨ �̌�ℷ), thus ∨ �̌�ℷ ∈  𝜎1.  

2. (i) Let �̌� ∈  𝜎1, 𝑡ℎ𝑒𝑛 𝑤𝑒 ℎ𝑎𝑣𝑒 �̌� ⊆  ψ1(�̌�) and since by Theorem 3.1 part (1) ψ1(�̌�) is open that is int 

( ψ1(�̌�)) = ψ1(�̌�). Thus �̌� ⊆ ψ1(�̌�) ⊆ int(𝑐𝑙 ψ1(�̌�)). Hence�̌� ∈ 𝜎0
1.Thus 𝜎1 ⊆ 𝜎0

1. Since 0̌, 1̌ ∈

 𝜎1, thus 0̌, 1̌ ∈  𝜎0
1.  

(ii) Let �̌�ℷ ∈ 𝜎0
1 ∀ ℷ ∈ Λ 𝑡ℎ𝑒𝑛 �̌�ℷ ≤  int (𝑐𝑙 ψ1(�̌�)) ≤  int(𝑐𝑙 ψ1(∨ �̌�ℷ)) implies that ∨ �̌�ℷ ≤ ∨

int(𝑐𝑙 ψ1(�̌�)) ≤∨  int (𝑐𝑙 ψ1(∨ �̌�ℷ)) = int (𝑐𝑙 ψ1(∨ �̌�ℷ)). Thus ∨ �̌�ℷ ∈ 𝜎0
1.  
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