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Abstract--In this paper, we provide some relations involving arithmetic functions ¢, o and y. The
present work discusses some equalities regarding these arithmetic functions using the concept of maximum and

minimum prime divisor.
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. INTRODUCTION

In [1, 5, and 6] arithmetic function is a function whose domain of definition is a set of positive integers.
Numerous studies have been done on various properties of arithmetic functions worldwide. Some well-known
integer valued arithmetic functions are Euler totient function (¢) which gives the number of integers less than n,
and relatively prime to nand ¢ function which gives the sum of divisors of a positive integer. Let n =
p,*1p,*2 ... p;¥i where p;,p,, ..., p;, are primes and k,, k,, ..., k;, are positive, be the prime factorization of n >

1. Then we define
i
1
o =n| [a-—)
j=1 Pj

i 1
= 14—
() n[l[( >

and

In 2006, Atanassov [1] developed some properties of arithmetic functions ¢, o and y using the concept
of maximal prime divisor. But the author [1]did not explained the concept of maximal prime divisor and also the
equalities proved in that article did not satisfy for the cases of n = 6,10 .... Later on 2010, Atanassov[2]
introduced the idea of “pine tree” representation of these arithmetic functions. In 2011, again Atanassov[3]
established some equality for these functions. In continuation of this work, Srikanth and Kannan [4] improved
the bounds obtained in [3].

In the present article we are discussing some equalities regarding these arithmetic functions using the
concept of maximum and minimum prime divisor. We also try to modify the idea of maximal prime divisor of
the article [1].
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Note that throughout this article q is a prime number.
I1. RESULTS AND DISCUSSIONS

2.1. Theorem. Letn > 1 be a positive integer. Then we have

n
max qo(d)o(a) —<p(n;|eglxq)0 maxg

1<dsn qn
Proof.
Let n > 1 be a positive integer. Then by the fundamental theorem of arithmetic, we can represent
n = p,¥1p,*2 ...p;*i where p,,p,, ..., p;, are primes and k4, k5, ..., k;, are positive. Let dbe any divisor of n. Then

d takes the form d = p,“1p, "2 ...p;% where p;, p,, ..., p;, are primes and 1 < [; < k;. Then

— k-1 kp—1 ki—l;
_pll 1p22 2___pl,l 4

QU3

Therefore,
n l kq-1 L ki—1;
9@ (2) = oo (P17 . p(piDo(pik7)
Without loss of generality we can take p, be the maximum prime divisor of n and [;, [,, ..., [; are positive. So,
() o) (2) = p it (pyfa it — 1) Lp i (pke it — 1)

n

and w(rgle;lx q)0< ) = w(pl)ff(;—l)

maxq
qin
Also we have

kat1_g  pkiti_g

ny _ ki _ P2
oo () = (k1 - DB

So by equation (1) it is clear that ¢ (d)o (3) < oo (pi) is true for all divisorsd. This proves the result.
1

2.1.1. Example

Letn = 10. Thenn = 2 - 5. The maximum prime divisor of n = 5. Then,

o(p1)o (%) =p(5)o(2) =4-3=12

n
Also from the Table 1, we get max o(d)o (E) =1

1<dsn

Table 1: lllustration for Theorem 2.1
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od |1 |14 4

om/d) | 186 |3 |1

2.1.2. Note Theorem 2.1 does not hold if we consider 1 < d < n. The above example (Example 2.1.1) also
interprets this.

Theorem 2.1 also holds for ¢ and . That is

2.2. Theorem. For every positive integer n > 1, we have

max o)y (g) =<p(r{;|§1x DY — p

1<dsn q|n
Proof.
The proof is exactly similar to that of Theorem 1.
As in the case of Theorem 1, Theorem 2 also not valid for d=1. The following example supports this.
2.2.1. Example

Letn = 10. Thenn = 2 - 5. The maximum prime divisor of n = 5. Then,
n
oY <p_) =pGB)Y(2) =4-3 =12
1

n
Also from the Table 2, we get max (Y (5) =12.

1<ds=n

Table 2: Illustration for Theorem 2.2

D 1 (2|5 |10

o(d) 1 |14 |4

w(n/d) [18 |6 |3 | 1

2.3. Remark. Theorem 2.1 and Theorem 2.2 does not hold for y and ¢ functions. The following example
illustrates this.

2.3.1. Example

Letn = 36. Thenn = 22 - 32, The maximum prime divisor of n = 3. Then,
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Y(py)o (%) =9(3)o(12) = 4-28 = 112

Also from the Table 3, we get max P(d)o (%) =117
1<dsn

Table 3: lllustration for Remark 2.3

d 112 (3 |4 |9 |12 |18 |36

wd |1 |3 |4 |6 |12 243672

om/d) | 913928 |13 |7 |4 |3 |1

Instead of maximum prime divisor, if we consider minimum prime divisor we get inequalities rather

than equalities. So if we use the idea of minimum prime divisor, then the above theorems becomes

2.4, Theorem. For every positive integer n > 1, we have

. n 0
rglllnn (D)o (E) = (p(r‘rzllgln 0o mingq

1<dsn qin
Proof.

Let n > 1 be a positive integer. Then by the fundamental theorem of arithmetic, we can represent

n = p,*1p, k2 .. p;ki where p; < p, < -+ < p;, are the prime factors andk, k5, ..., k;, are positive. Let dbe any

divisor of n. Then d takes the form d = p,“1p,% ...p;" where p, p,, ..., p;, are primesand 1 < [; < k;. Then

n
— kq-1 ka—1 ki—l;
E = pl 1 1p2 2702 pl [ A

Therefore,
n _ 1 ky—l I k=1
o@D (2) = oo 170 . p(pDo(pik~t)

Here p, is the minimum prime divisor of nand [, [,, ..., [; are positive. So,

() (p(d)o’(g) = plll_l(p1k1—11+1 -1) mplli—l(plki—li+1 -1)
. n _ 1
and ¢ (min q)ff(wq) = 9o
Also we have
ko+1 ki+1
MYy kg _q P22 71 pit -1
9(p)o (m) =@ - D=
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So by equation (1) it is clear that ¢ (d)o (g) < p(p)o (pl) is true for all divisors d. Thus
1

) n n
min p(d)o (E) < ¢(po (E)
1<dsn
This proves the result.

2.4.1. Example

Let n = 6. Then the prime factorization of nyields n = 2 - 3. In this case the minimum prime divisor is 2.

¢(ming)o ming |~ p)o(3)=1-4=4
qn

. n _
Also from Table 4, we get min p(d)o (5) =

1<ds=n

Table 4: Illustration for Theorem 2.4

d |1 (2 (3|6

o |1 |1 [2 |2

omd) | 123 |4 |1

2.5. Theorem. For every positive integer n > 1, we have

min oy (g) < w(rglinn DY | — .

1<dsn qin

Proof.

The proof is exactly similar to that of Theorem 1.
2.5.1. Example

Letn = 10. Thenn = 2 - 5. The minimum prime divisor of n = 2. Then,
n
p(p)Y (p—) =p@QyY(B)=1-6=6
1

. n _
Also from the Table 2, we get min ()Y (E) =4,

1<dsn

2.6. Remark. In the case of minimum prime divisor also, equality as in Theorem 1 does not hold for y and o.

For example, consider the case n = 36. Then the minimum prime divisor is 2 and
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V(p)o (pl) =3-39=117

. . n _
From Table 3, we obtain rgllnn Y(d)o (5) =72.
1<dsn

1. CONCLUSION

In this paper, some extremal properties of arithmetic functionse, o and yis presented by considering
both maximum prime divisor and minimum prime divisor. But no extremal properties are found out for the case

of y and o. So it is possible to extend this study for obtaining extremal properties for y and c.
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