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A STUDY ON SOME CLASSES OF
TOPOGENIC GRAPH

IM. Anitha

ABSTRACT-- We give the definition of topogenic graph, some classes of topogenic graph and also we

propose two open problems.
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Definition 1

We identify the initial vertex of P, and the central vertex of K, ,,,. The resulting graph is denoted by P, OK; .

Theorem 2

P;©K, ,, is topogenic for every positive integer m.

Proof
LetV(Kl_m) = {u,, vy, vy, ..., vy }tand
V(P;) = {uy, uy,us}.
ThenV (P OKy ) = V(Ps) UV (Ky ).
Choose X = {1,2, ..., m + 2} as the ground set.
Let f: V(P;©OK,,,) — 2¥be defined by
fw)=1{12,..i+2},1<i<m,
fu) =0, f(up) = {1}.f (us) = {1,2}.
Then, both f and f® are injective.
Therefore, £(V) U f®(E) forms a topology on X.

Hence P; ©OK, ,,is topogenic for every positive integer m.

Theorem 3

P,OK, ,, is topogenic for every positive integer m.

Proof

Let V(Kl,m) = {u,,v,,v,,..., vy} and

V(P = {ug, Uy, Uz, Us}-

Then V(P,OKy ) = V(R UV(Ky ).

Without loss of generality, choose X = {1,2, ..., m + 3} as the ground set.
Let f:V(P,OK, ) — 2¥be defined by
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fw)={12,..i+3},1<i<m,
f) =0, f(u) = {1}.f (ua) = {2}, f(us) = {1,2,3}.
Then, both f and f® are injective.
Moreover, f(v,) c f(v,) c --- € f(v,,) and
fuz) © fuy) and f(us) © f(uy);
flnflu)=0€fWV),1<i<m
f@Ufw)=fw)efV),1<i<m
feuu) = (13 € F(V), fO(upus) = {1,2} € fO(E)
and f®(uzu,) = {1,3} € fO(E).
Therefore, f(V) U f®(E) forms a topology on X.

HenceP, ©®K ,,is topogenic for every positive integer m.

Theorem 4

P;©K, ,, is topogenic for every positive integer m.

Proof

Let V(Kl_m) = {u,,v,, vy, ..., vy} and

V(P) = {uy, Uy, us, Uy, Us}.

Then V(Ps®@Ky ) = V(Ps) UV (Kyp).

Without loss of generality, choose X = {1,2, ..., m + 3} as the ground set.

Let f:V(Ps®K,,,) — 2¥be defined by
fw)=1{12,..i+3},1<i<m,

f) =0, f(up) = {1}1.f (us) = {2}, f (uy) = {1,3},

fuy) ={1,2,3}.

Then, both f and f® are injective.

fwonfu)=0€ef(M),1<i<m

feuu,) = (13 € f(V), fO(upus) = (1,2} € fO(E),

feusu,) = {1,2,3} € f(V) and

feuqus) = {2} € F(V).

Therefore, £(V) U f®(E) forms a topology on X.

Hence P;©K; ,, is topogenic for every positive integer m.

Corollary 5

Similarly, we can prove B, ©K; ,,, for

n = 6,7,8,9,10,11,12,13,14 is topogenic from the argument of B,, for n = 6,7,8,9,10,11,12,13,14 is topogenic.
Hence B, OK; ,, forn =6,7,89,10,11,12,

13,14 is topogenic.

Problem 6
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Is B,®OK; ., is topogenic for every positive integers m and n > 15.
Definition 7

We identify the central vertex of K, ,, and the central vertex of K, ,, ,. The resulting graph is denoted by

Kl,pG)Kl,m,n'

Theorem 8

K, OK; m, is topogenic for every positive integer m,n and p.

Proof
Let V(Kl_p) = {uo, Uy, Uy, ..., up} and

V(Kl.m.n) = {uO' V1, V2 ey Uy W, Wy, ey Wn}-

Then V (K, ) © Ky ) ) = V(K1) OV (Ko )
Without loss of generality, choose

X ={1,2,..,m+n+ p}asthe ground set.

Let f:V(Ky pOK; mn) — 2% be defined by
fw)={12,..,i} m+n+1<i<p,f(u) =0.
Also, f(v)) ={1,2,...,i}, 1 <i<m

f(wj) ={1,2,...m+j},1<j<n

Let £® be the induced edge function.

Then both £ and £© are injective.

Therefore, (V) U f®(E) forms a topology on X.

Hence K, ,OK; ,,,, is topogenic for every positive integer m, n and p.

Example 9

If the topogenic graph G is connected, then the corresponding topology is either connected or not connected.

For,

Figure 1.1
T ={0,{13,{1,2},{1,2,3}}.

Therefore, (X, 7) is connected.

Then , the next example shows that if the graph is connected, then the topology is not necessarily connected.

Received: 27 Feb 2019 | Revised: 20 Mar 2019 | Accepted: 30 Apr 2020

5677



International Journal of Psychosocial Rehabilitation, Vol. 24, Issue 08, 2020
ISSN: 1475-7192

{1,2,3y {13}y {2}

{1,2,3} {1,2}
o {1} {1}
Figure 1.2

T = {@, {1}r {Z}r {1r2}! {1!3}! {1!2!3}}

Therefore, (X, 7) is not connected.

Example 10

If the topogenic graph G is disconnected, then the topology is either connected or not connected.
For,

3 (2 2
{1}
) {1,2,3}
Figure 1.3
T ={0,{1},{2},{1,2},{1,23}}.

Therefore, (X, 7) is connected.

Then, the next example show that if the graph is disconnected, then the topology is not connected.

{1 {2y 2

{1}
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Figure 1.4

©={0,{1}, {2}, {1,2}, {1,2}}.

Therefore, (X, 7) is not connected.

Remark 11

From the above examples we conclude that the graph C5 and C, are topogenic.

Proposition 12

Cs is not topogenic.

Proof

If possible, let Cs be topogenic, which implies there exists a topogenic set-indexer f of Cs with respect to some

non-empty ground set, say X, so that
7 = f(V(Cs)) U fB(E(Cs)) is atopology on X.
Then by Theorem 3.11, for a topogenic cycle C,,,
n+1<p®<2n-2
For Cs, 6 < p® < 8.

Since f is injective, the empty set, @ cannot be obtained as a symmetric difference of two non-empty sets.

Hence, empty set, @ should necessarily be assigned to a vertex.
Thatis, @ € f(V(Cs)).

Hence, let f(V(Cs)) = (@, V,,V,, Vs, V,}, where V,, V,, Vs, V, are non-empty subsets of X.

Then, fO(E(Cs)) = (@0, V, @V, V,®V;, V3V, V,®Vs}.

Since 7 is a topology on X, the entire set X must be an element of z,.

There arise two cases namely, X = V; for some i € {1,2,3,4}, or X = V;@®V;for some distinct i,j € {1,2,3,4}.

Case (i): X = V;for some i.
Step 1
Without loss of generality, let X = V.
Then V,,V,, V; can be such that vV, uV, UV, =V, or
V,u,ul, cV,
LetV, UV, UV, =V,.
If the sets, V,, V,, V5 are pairwise disjoint, then
V,®V, = (V, UV)\(V, nV,) =V, UV, and
V,@®V; = (V, U VNV, N V3)
=V,\V;
= X\V;

=V, U V,, a contradiction to the injectivity of f©.

Therefore, atleast two of the sets V;, V,, V; must have a common element.

Without loss of generality, suppose V, NV, = A # @.

Since 7, is a topology on X, we have A must be in 7.
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Therefore, A = V; for some i € {1,2,3} or A = V;@V; for some distinct i, j € {1,2,3}, for neither A =V, = X nor

A=V, ®0.
SoletA =V;.
ThenV, UV, UV =V, UV, UA=V, UV, =V,.
Then V,®V, = (V, UV, NV, NV,) =V,\A =V, UV,.
V@V, = V, UL\ NY,) =V, \V, = X\A
=V, UV,

Which is a contradiction to the injectivity of f©.
Therefore, A=V, or A =V,.
LetA=V,.ThenV, UV, =V,.
Now, V, N V5 = @. Since otherwise, if V, N V; = @, then
Vwuv,uV,=V,UVl;and
by assumption V, UV, = V/,.
Then, V@V, = V, UL\, NV) =V, UV, =V,
But V,®® = V,, a contradiction to injectivity of f®.
Therefore, V, N V; # @.
Also, V,®V, = (V, UV)\V, N 1,) = V,\V,
and V,®V, = (V, UVO\(Vs NV,) = V,\Vs

=V, UV, UV)\V,

= N\V) U (\V3) U (V3\V3)

= \V3) U (V2\V3)

= (V1\V2)\V3

=1\V5
But by the choices of V;, V,, V3, V, we have a contradiction to the injectivity of f©.
Hence A # V.
Analogously, we can show that A # V.
Thatis, A # V;, for all i € {1,2,3,4}.

Step 2
Hence A being an element of 7, A = V;@V; for some i, € {1,2,3,4}.
But V,@®V, = (V; U VO\(V, NV,) = (V; UV)\A.
V,@Vs = (1, U V)\(V, N V3).
V30V, = (V; UVO\(V5 N V,) = V\Vs = (V U\,
and hence none of the sets V;@®V; for distinct
i,j €{1,2,3,4} equals A.
Hence A =V, NV, & 1, again a contradiction to the fact that 7 is a topology on X.
The above analysis impliesthat vV, UV, UV, # X.
ThenV, UV, uV; cV, =X.
Let V, UV, UV, = B.
Since 7 being a topology, B must be in ;.
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Clearly B € V; and B # V;for any i € {1,2,3,4},and not a subset of the union of any pair of them.

Hence B = V;@®V; for some distinct i, j € {1,2,3,4}.
Without loss of generality, let B = V, @V,

ThenV, UV, UV, = B =V, ®V,.

Then V;,V, can be such thatV; UV, c BorV, UV, =B
Suppose V; UV, C B.

Then V; NV, = @ which implies

Vev,=V,uV)\(,nV,) =W, ul,)cB

and

V,®V, = (V, UV,)\(V, nV,) c B\(V, UV,) C B.
Suppose, V; UV, = B.

Then V; NV, # @ which implies

eV, =V, U\, nV,) =B\(V; UV,) c Band V; NV, # @ which implies suppose V; and V; are disjoint

sets, then V; € 77 and V5 € 4.

Since 7, is a topology, V; U V; € ;.

By our choices of V;, V,, V3 and V, and from the expressions for V;@V; for distinct i, j € {1,2,3,4}, it is clear that

V; U V3 & 14,this leads to a contradiction.

Therefore, V; and V; must have a common element.
Therefore, there exists D suchthatD =V, nV; and D # @.
Which impliesD =V, nV; c B

Which implies D € ;.

By our choices of V;,V,,V; and V, can be such that V, # D.
Therefore, D =V, orD =V, or=V; .

Suppose D C V.

DSV,nV,.

Which is a contradiction.

Therefore, D =V, or D = V.

Suppose D = V;.

ThenV, NV = V5.

Then V@V, = V; UL\, NV,) =V, UV, € 14

0V, = (V UVO\V; NV, = V,\V; € 14

Since V,®V,, Va®V, € fO(E(C)) € 4.

But by choices of V;,V,, V5 and from the expression for V;@®V; for distinct i, j € {1,2,3,4}, it is clear that

1®V,) N (Vz@8V,) € 15

This leads to a contradictionto V, N V; =V;.
Therefore, V, NV, # @.

In all the cases, V, @V, c B.

ThatisV, UV, UV, =B =V,®V, c B.
Which is impossible.
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Thus, it follows that X = V;, for all i € {1,2,3,4}.

Case (ii)

Let X = V;@®V;, for some distinct i, j € {1,2,3,4}.
Without loss of generality, assume that X = V, ®V,.
ThenV, UV, =XandV, NV, = @, forif V, NV, = @, then V,®V, = (V, UV,)\(V, N V,) # X.
Then, since for every i € {1,2,3,4}; V; c X, V; and V, have non-empty intersection with atleast one of the sets
Viand V.
Without loss of generality, assume that
C=V,nV; # 0.
Then C must be int; and C # @,V;.
But none of the sets V;@®V; for distinct i, j € {1,2,3,4} can be the set C.
Therefore, C should necessarily be V,, V; and V.
Now, let C = V,.It can be shown that V, U V3 cannot be equal to V;,for alli € {1,2,3,4} and also V, U V3 # V;®V;
for all distinct i,j € {1,2,3,4}.
Hence C #V,.
Therefore, C =V, or V5.
We claim that C = 1, and C # V5.
Suppose C = V5, then V; C V,.
Which implies V, U V; =V,
But V, U V; c V,. (by our assumption)
Then V, c V, and hence V,\V, = K, a non-empty subset of X.
Now, V,@V, = (V; UVU\(V, nV,) = V,\V; = K.
Since K, V3 € 17, K U V3 must be in 7. Since K is neither contained in V, norin Vz and V, # K we get K U V; #
v, foralli € {1,2,3,4}.
Now,
VeV, =V,ul)\(hnV) =X\0=X*KU,.
V,@Vs = (V U\, NV3) = Vo\Vs # K U V3.
Va@V, = (V UVO\(Vs NV,) = Vy\Vs # KU Vs,
Hence UV, = V@V, , forall i,j € {1,2,3,4}.
Thatis K U V3 & 1, a contradiction to the fact that z,is a topology.Hence C # V;.
A similar contradiction aries when C = V.
Therefore C # V, and C # V5.
Further, V,@®V; = (V, U VO\NV, N V3) = (V, UVONC
and since V, UV, c V,,

V@0V, = (V, UVO\(V, NV,) =X

and V;@V, = (V; UV)O\(Vs NV,) = V,\Vs.
We observe that C = V; for any i € {1,2,3,4}and = V;@®V; , for all distinct i, j € {1,2,3,4}.
This is again a contradiction to the fact that C € ;.

Hence # V;@®V; , for all distinct i, j € {1,2,3,4}.
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Therefore, Cs is not topogenic.

Corollary 13

Similarly,we can prove that C, is not topogenic from the argument of Cs is not topogenic.

Proposition 14

C, is topogenic.

Proof

Let V(C,) = {vy,v5,V3, ., Vg
Let X = {1,2,3}.

Define f:V(C,) - 2% such that

f1) =0, fw,) ={1},f(v3) = {2}, f(vy) = {1,3}

fws) = (1,2,3}, f(ve) = (1,2}, f(v,) = {2,3}.

fEW,v,) = (13, f8(vyv3) = {1,2},

fOWwsvy) = (1,23}, fO(vuvs) = {2},

f®sve) = (3}, fB(vevy) = {1,3}.

Then F(V((C)) U FRE((C))) = {0,{1},{2},{3},
{1,2},{1,3},{2,3},{1,2,3}} = 2%

Proposition 15

Cg is topogenic.

Proof
Let V(Cg) = {v1,v5,V3, ..., Vg }
Let X = {1,2,3,4}.
Define f:V(Cg) — 2% such that
fw) =0,f(vy) ={1,234},f(vs) = {1},
f(vy) =1{2}, f(vs) = {1,3}, f(we) = {1,2,3},
f;) ={1,2}, f(vg) = {2,3}.
Then f(V((Ca)) U fO(E((Ca)) = {9, {1},{2}, {3},

{1,2},{1,3},{2,3},{1,2,3},{2,3,4},{1,2,3,4}}.

Therefore, Cg is topogenic.
We propose the following problem: For further study open problem.

Problem 16

Is C,, topogenic, whenn > 9.
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