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numbers Defined by Double Orlicz Function 

1Ali Hussein Battor, 2Alaa Fawzidabbas, 3Maysoon Azeen Neamah 

  

Abstract-----Through this paper, we introduce some double sequence space of fuzzy real numbers defined by a 

double Orlicz function. We study some of their features such that solidness, symmetricity, completeness etc., and 

prove some Important results. 

Keywords----- Double Orlicz function, regular convergence, completeness, symmetric space, solid space. 

 

1. Introduction  

 In our paper, (𝔛𝔛,𝔐𝔐) = �𝔛𝔛𝔰𝔰,𝔯𝔯 ,  𝔐𝔐𝔰𝔰,𝔯𝔯�,represents a double  infinite array of elements𝔛𝔛𝔰𝔰,𝔯𝔯 ,𝔐𝔐𝔰𝔰,𝔯𝔯we mean that𝔛𝔛 =
�𝔛𝔛𝔰𝔰,𝔯𝔯�be an infinite array of elements𝔛𝔛𝔰𝔰,𝔯𝔯and that𝔐𝔐 = �𝔐𝔐𝔰𝔰,𝔯𝔯�be an infinite𝔛𝔛𝔰𝔰,𝔯𝔯  , 𝔐𝔐𝔰𝔰,𝔯𝔯array of 
elements𝔐𝔐𝔰𝔰,𝔯𝔯and𝒲𝒲∥ denotes the family of all𝒞𝒞2double sequences (i.e., �𝔛𝔛𝔰𝔰,𝔯𝔯 ,  𝔐𝔐𝔰𝔰,𝔯𝔯�is complex double 
sequences). 

The concept of fuzzy sets was presented by Zadeh [15]. It has wide range of implementation in almost all the 
branches of studies. It attracted workers on double sequence spaces to present by different type of classes of 
double sequences of fuzzy numbers. 

Throughout the paper(𝐿𝐿∞)𝐹𝐹
∥ , (𝒸𝒸)𝐹𝐹

∥ , (𝒸𝒸0)𝐹𝐹
∥ , (𝒸𝒸𝑅𝑅)𝐹𝐹

∥ , (𝒸𝒸0
𝑅𝑅)𝐹𝐹

∥ denote the classes of all bounded , convergent in 
pringsheim's sense, null in pringsheim's sense, regularly convergent, regularly null, convergent in pringsheim's 
sense  of  fuzzy  real numbers respectively.  

Now, we define the N-function Υ(𝔛𝔛,𝔐𝔐)in theterm of double sequence spaces as follows: 

Definition1.1[1,2]:  A double Orlicz function  is a function  

𝑀𝑀: [0, �∞) × [0, �∞) → [0, �∞) × [0, �∞)����Such that 

𝑀𝑀(𝑥𝑥,𝑦𝑦) = (𝑀𝑀1(𝑥𝑥),𝑀𝑀2(𝑦𝑦)), 

𝑀𝑀1: [0, �∞) → [0, �∞)��and𝑀𝑀2: [0, �∞) → [0, �∞)�,� 

such that 𝑀𝑀1,𝑀𝑀2are Orlicz function which are continuous, non-decreasing, even, convex and satisfy the 
following conditions  

1) 𝑀𝑀1(0) = 0,𝑀𝑀2(0) = 0 ⟹𝑀𝑀(0,0) = (𝑀𝑀1(0),𝑀𝑀2(0)) = (0,0), 

2)𝑀𝑀1(𝑥𝑥) > 0,𝑀𝑀2(𝑦𝑦) > 0 ⟹𝑀𝑀(𝑥𝑥,𝑦𝑦) = (𝑀𝑀1(𝑥𝑥),𝑀𝑀2(𝑦𝑦)) > (0,0) 
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for 𝑥𝑥 > 0,𝑦𝑦 > 0, we mean by 𝑀𝑀(𝑥𝑥,𝑦𝑦) > (0,0), that 𝑀𝑀1(𝑥𝑥) > 0,𝑀𝑀2(𝑦𝑦) > 0 .  

3)𝑀𝑀1(𝑥𝑥) → ∞,𝑀𝑀2(𝑦𝑦) → ∞ as𝑥𝑥,𝑦𝑦 → ∞, then 

 𝑀𝑀(𝑥𝑥,𝑦𝑦) = (𝑀𝑀1(𝑥𝑥),𝑀𝑀2(𝑦𝑦)) → (∞,∞)as(𝑥𝑥,𝑦𝑦) → (∞,∞),we mean by 

𝑀𝑀(𝑥𝑥,𝑦𝑦) ⟶ (∞,∞), that 𝑀𝑀1(𝑥𝑥) → ∞,𝑀𝑀2(𝑦𝑦) → ∞.       

Definition1.2:A double sequence(𝔛𝔛,𝔐𝔐) = �𝔛𝔛𝔰𝔰,𝔯𝔯 ,  𝔐𝔐𝔰𝔰,𝔯𝔯�of fuzzy real numbers is said to be a double Cauchy 
sequence if forevery𝜖𝜖 > 0 there exists 𝑁𝑁 ∈ 𝒩𝒩 such that�̅�𝒹 ��𝔛𝔛𝔰𝔰,𝔯𝔯 ,𝔛𝔛𝑖𝑖,𝑗𝑗 �, � 𝔐𝔐𝔰𝔰,𝔯𝔯 ,𝔐𝔐𝑖𝑖 ,𝑗𝑗 �� < 𝜖𝜖where �̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯 ,𝔛𝔛𝑖𝑖 ,𝑗𝑗 � <
𝜖𝜖 and �̅�𝒹� 𝔐𝔐𝔰𝔰,𝔯𝔯 ,𝔐𝔐𝑖𝑖 ,𝑗𝑗 � < 𝜖𝜖for all 𝑖𝑖 ≥ 𝔰𝔰 ≥ 𝑁𝑁, 𝑗𝑗 ≥ 𝔯𝔯 ≥ 𝑁𝑁, where 

Definition1.3:A double sequence(𝔛𝔛,𝔐𝔐) = �𝔛𝔛𝔰𝔰,𝔯𝔯 ,  𝔐𝔐𝔰𝔰,𝔯𝔯� of fuzzy real numbers is said to be bounded, if  the set 
��𝔛𝔛𝔰𝔰,𝔯𝔯 ,  𝔐𝔐𝔰𝔰,𝔯𝔯�: 𝔰𝔰, 𝔯𝔯 ∈ 𝒩𝒩� of fuzzy real numbers is bounded  

Battor and Neamah[1] used theidea of Orlicz function to construct the sequence space𝐿𝐿Υ ,we will use that idea to 
construct adouble sequence space as follows: 

𝐿𝐿Υ
∥ = �𝐿𝐿Υ1

∥ , 𝐿𝐿Υ2
∥ � =  

�(𝔛𝔛,𝔐𝔐) ∈ 𝒲𝒲∥:���Υ1 �
𝔛𝔛𝔰𝔰,𝔯𝔯
𝜌𝜌
� ∨ Υ2 �

 𝔐𝔐𝔰𝔰,𝔯𝔯

𝜌𝜌
�� < ∞, fors𝑜𝑜𝑜𝑜𝑜𝑜

∞

𝔯𝔯=1

𝜌𝜌 > 0
∞

𝔰𝔰=1

�, 

 where for 

𝐿𝐿Υ1
∥ = �𝔛𝔛 = 𝔛𝔛𝔰𝔰,𝔯𝔯 ∈ 𝒲𝒲∥:���Υ1 �

𝔛𝔛𝔰𝔰,𝔯𝔯
𝜌𝜌
�� < ∞, forsome

∞

𝔯𝔯=1

𝜌𝜌 > 0
∞

𝔰𝔰=1

�, 

𝐿𝐿Υ2
∥ = �𝔐𝔐 =  𝔐𝔐𝔰𝔰,𝔯𝔯 ∈ 𝒲𝒲∥:���Υ2 �

 𝔐𝔐𝔰𝔰,𝔯𝔯

𝜌𝜌
�� < ∞, for some

∞

𝔯𝔯=1

𝜌𝜌 > 0
∞

𝔰𝔰=1

�. 

The space 𝐿𝐿Υ
∥  with the norm  

‖(𝔛𝔛,𝔐𝔐)‖Υ = 𝑖𝑖𝑖𝑖𝑖𝑖 �𝜌𝜌 > 0,���Υ1 �
𝔛𝔛𝔰𝔰,𝔯𝔯
𝜌𝜌
� ∨ Υ2 �

 𝔐𝔐𝔰𝔰,𝔯𝔯

𝜌𝜌
��

∞

𝔯𝔯=1

≤ 1
∞

𝔰𝔰=1

�, 

where 

‖𝔛𝔛‖Υ1 = 𝑖𝑖𝑖𝑖𝑖𝑖 �𝜌𝜌 > 0,��Υ1 �
𝔛𝔛𝔰𝔰,𝔯𝔯
𝜌𝜌
� ≤ 1

∞

𝔯𝔯=1

∞

𝔰𝔰=1

�, 

‖𝔐𝔐‖Υ2 = 𝑖𝑖𝑖𝑖𝑖𝑖 �𝜌𝜌 > 0,��Υ2 �
 𝔐𝔐𝔰𝔰,𝔯𝔯

𝜌𝜌
� ≤ 1

∞

𝔯𝔯=1

∞

𝔰𝔰=1

�, 

becomes a Banach space which  is called a double Orlicz of a double sequence space. 

The space 𝐿𝐿Υ
∥ is closely related to the space𝐿𝐿𝓅𝓅, which is an a double Orlicz of a double sequence space 

withΥ(𝔛𝔛,𝔐𝔐) = |(𝔛𝔛,𝔐𝔐)|𝓅𝓅, for 1 ≤ 𝓅𝓅 < ∞. 

2.  DEFINITION  AND    PRELIMINARES 

Troughout this study, adouble sequence is denoted by �𝔛𝔛𝔰𝔰,𝔯𝔯�, � 𝔐𝔐𝔰𝔰,𝔯𝔯�a double infinite array of fuzzy real 
numbers. 
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The primary studies on double sequences  may be found in Bromwich [4]. Thereafter, it was searched by Hardy 
[5], Moricz [6], Moricz and Rhoades [7], Tripathy [8], Tripathy and Sarma[9,10], Basarir  and Sonalcan [11], 
and many others. Hardy [5] studied the notion of regular convergence for double sequence. 

We refer to the set of all closed and bounded intervals𝑥𝑥 = [𝑥𝑥1, 𝑥𝑥2]on therealline R by symbol 𝒟𝒟. 

For 𝓍𝓍 = [𝓍𝓍1,𝓍𝓍2] ∈ 𝒟𝒟 , 𝓎𝓎 = [𝓎𝓎1,𝓎𝓎2] ∈ 𝒟𝒟 and 𝓏𝓏 = [𝓏𝓏1,𝓏𝓏2] ∈ 𝒟𝒟 ,𝓌𝓌 = [𝓌𝓌1,𝓌𝓌2, ] ∈ 𝒟𝒟,  defined  

𝒹𝒹�(𝓍𝓍,𝓎𝓎), (𝓏𝓏,𝓌𝓌)� = max[(|𝓍𝓍1 − 𝓎𝓎1|, |𝓍𝓍2 −𝓎𝓎2|), (|𝓏𝓏3 −𝓌𝓌3|, |𝓏𝓏4 −𝓌𝓌4|)]. 

It is recognized that (𝒟𝒟,𝑑𝑑) is a complete metric space . 

The following information is taken from [14] 

       ''A fuzzy number ℋ is a fuzzy combination on the real axis, i.e., a mapping ℋ: ℛ → 𝒻𝒻(= [0,1]) associating 
each real number 𝑣𝑣 with its membership rank  ℋ(𝑣𝑣), satisfies the following conditions : 

1) The mapping  ℋ is convex if ℋ(𝑣𝑣) ≥ ℋ(𝑠𝑠) ∧  ℋ(𝑎𝑎) = 𝑜𝑜𝑖𝑖𝑖𝑖{ℋ(𝑠𝑠),ℋ(𝑎𝑎)}, where s< 𝑣𝑣 < 𝑎𝑎.        

2) The mapping  ℋ is normal if there exists 𝑣𝑣0 ∈ ℛ such that  ℋ(𝑣𝑣0) = 1, 

3) The mapping  ℋ is upper-semi continuous if, for each 𝜖𝜖 > 0, ℋ−1([0, 𝑐𝑐 + �𝜖𝜖)�)  is open in the usual topology 
of  ℛ  for all 𝑐𝑐 ∈ 𝒻𝒻. 

4) The closure of  {𝑣𝑣 ∈ ℛ ∶ ℋ(𝑣𝑣) > 0}, denoted by [ℋ]0, is compact . 

5) The mapping  ℋ is called non-negative if  ℋ(𝑣𝑣) = 0, for all 𝑣𝑣 < 0. The set of all non-negative fuzzy real 
numbers is denoted by ℛ∗(𝒻𝒻). 

       For 0<∝ ≤ 1, The 𝛼𝛼-level set [ℋ]∝, of the fuzzy real number  ℋ,   defined by  

[ℋ]∝ = {𝑣𝑣 ∈ ℛ:ℋ(𝑣𝑣) ≥ 𝛼𝛼}. 

       The set of all upper-semi-continuous, normal , convex fuzzy real numbers is denoted by  ℛ(𝒻𝒻) and 
throughout the paper, by a fuzzy real number we mean that the number belongs to ℛ(𝒻𝒻)'' . 

 

Let 𝑑𝑑:� 𝑅𝑅2(𝐼𝐼) × 𝑅𝑅2(𝐼𝐼) → 𝑅𝑅  be defined by  

�̅�𝑑�(𝑥𝑥,𝑦𝑦), (𝑧𝑧,𝑤𝑤)� = 𝑠𝑠𝑠𝑠𝑠𝑠0≤∝≤1𝑑𝑑�([𝑥𝑥]∝, [𝑦𝑦]∝), ([𝑧𝑧]∝, [𝑤𝑤]∝)�, 

Then, 𝑑𝑑�defines a metric on 𝑅𝑅2(𝐼𝐼) and it is well-known that�𝑅𝑅(𝐼𝐼), �̅�𝑑�) is acomplete metric space (one may refer 
to puri and Ralescu[13]). 

Let 𝔛𝔛 = (𝔛𝔛𝔰𝔰,𝔯𝔯), 𝔅𝔅 = (𝔐𝔐𝔰𝔰,𝔯𝔯) be double sequence. A double sequences (𝔛𝔛,𝔅𝔅) = �𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� of fuzzy real numbers 
be a convergent in pringsheim's sense to a fuzzy real numbers (ℓ1,ℓ2) if  lim𝔰𝔰,𝔯𝔯→∞ 𝔛𝔛𝔰𝔰,𝔯𝔯 = ℓ1  and lim𝔰𝔰,𝔯𝔯→∞ 𝔐𝔐𝔰𝔰,𝔯𝔯 =
ℓ2 exists, and consequently              

lim
𝔰𝔰,𝔯𝔯→∞

�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� = (ℓ1, ℓ2), 

where 𝔰𝔰, 𝔯𝔯  tend to ∞  if each independently to other . 

       Let 𝔛𝔛 = (𝔛𝔛𝔰𝔰,𝔯𝔯), 𝔅𝔅 = (𝔐𝔐𝔰𝔰,𝔯𝔯) be double sequence. A double sequence (𝔛𝔛,𝔅𝔅) = �𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� of fuzzy real 
numbers be a regularly converge if it converges in the pringsheim's sense and the below  limits  well be exist  : 

lim
𝔰𝔰⟶∞

𝔛𝔛𝔰𝔰,𝔯𝔯 = ℓ𝔯𝔯 (𝔯𝔯 = 1,2,3, … . ), 

lim
𝔰𝔰⟶∞

𝔐𝔐𝔰𝔰,𝔯𝔯 = 𝑠𝑠𝔯𝔯 (𝑟𝑟 = 1,2,3, … . ), 

  and  
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lim
𝔯𝔯⟶∞

𝔛𝔛𝔰𝔰,𝔯𝔯 = 𝑗𝑗𝔰𝔰 (𝔰𝔰 = 1,2,3, … . ), 

lim
𝔯𝔯⟶∞

𝔐𝔐𝔰𝔰,𝔯𝔯 = 𝑖𝑖𝔰𝔰 (𝔰𝔰 = 1,2,3, … . ), 

  therefore                           
lim
𝔰𝔰⟶∞

(𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯) = (ℓ𝔯𝔯, 𝑠𝑠𝔯𝔯), 

lim
𝔯𝔯⟶∞

(𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯) = (𝑗𝑗𝔰𝔰, 𝑖𝑖𝔰𝔰). 

 

  If �𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯�,�𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯� ∈ 𝐸𝐸𝐹𝐹
∥  such that �𝔛𝔛𝔰𝔰,𝔯𝔯� ≤ �𝔅𝔅𝔰𝔰,𝔯𝔯� and  �𝔐𝔐𝔰𝔰,𝔯𝔯� ≤ �𝔔𝔔𝔰𝔰,𝔯𝔯�,   and consequently  �𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� ≤

�𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯�  for all  𝔰𝔰, 𝔯𝔯 ∈ 𝒩𝒩, then a double sequence space 𝐸𝐸𝐹𝐹
∥  is said to be solid. 

Let 𝐾𝐾 ={(𝔰𝔰𝑖𝑖 , 𝔯𝔯𝑖𝑖): 𝑖𝑖 ∈ 𝒩𝒩; 𝔰𝔰1 < 𝔰𝔰2 < 𝔰𝔰3 < ⋯ and 𝔯𝔯1 < 𝔯𝔯2 < 𝔯𝔯3 < ⋯}⊆ 𝒩𝒩 × 𝒩𝒩 and 𝐸𝐸𝐹𝐹
∥  be a fuzzy double 

sequence space. A 𝐾𝐾-step space of 𝐸𝐸𝐹𝐹
∥  is a double sequence space  𝛾𝛾𝐾𝐾𝐸𝐸 = ��𝔛𝔛𝔰𝔰𝑖𝑖 ,𝔯𝔯𝑖𝑖 � ∈ 𝑤𝑤𝐹𝐹

∥: �𝔛𝔛𝔰𝔰,𝔯𝔯� ∈ 𝐸𝐸𝐹𝐹
∥�. 

       A canonical pre-image of a double sequence�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ 𝐸𝐸𝐹𝐹
∥is a double  sequence  �𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯� ∈ 𝐸𝐸𝐹𝐹

∥  defined 
as follows: 

�𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯� = ��𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯�, If(𝔰𝔰, 𝔯𝔯) ∈ 𝐾𝐾,
(0�, 0 �), otherwise.

� 

[14] we defined a canonical pre-image of step space 𝛾𝛾𝐾𝐾𝐸𝐸  is a compilation of canonical pre-images of all elements 
in  𝛾𝛾𝐾𝐾𝐸𝐸 . 

        If it includes the canonical pre-images of all its step spaces, a double  sequence space 𝐸𝐸𝐹𝐹
∥  is said to be 

monotone. 

 If�𝔛𝔛𝜋𝜋(𝔰𝔰)𝜋𝜋(𝔯𝔯),𝔐𝔐𝜋𝜋(𝔰𝔰)𝜋𝜋(𝔯𝔯)� ∈ 𝐸𝐸𝐹𝐹
∥ , where 𝜋𝜋 is a permutation of 𝒩𝒩,implies �𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ 𝐸𝐸𝐹𝐹

∥ ,  then a double sequence 
space 𝐸𝐸𝐹𝐹

∥  is said to be symmetrical. 

A fuzzy real-valued double sequence space 𝐸𝐸𝐹𝐹
∥  is said to be convergence free if �𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯� ∈ 𝐸𝐸𝐹𝐹

∥  
whenever�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ 𝐸𝐸𝐹𝐹

∥  and�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� = (0�, 0�) implies�𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯� = (0�, 0�). 

We define the following classes of sequences: 

(𝐿𝐿∞)𝐹𝐹
∥ Υ= 

⎩
⎨

⎧�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ 𝒲𝒲𝐹𝐹
∥: 𝑠𝑠𝑠𝑠𝑠𝑠𝔰𝔰,𝔯𝔯 �Υ1 �

�̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯, 0��
𝜌𝜌

�  ∨ Υ2 �
�̅�𝒹�𝔐𝔐𝔰𝔰,𝔯𝔯, 0��

𝜌𝜌
�� < ∞ 

                              forsome 𝜌𝜌 > 0,
 ⎭

⎬

⎫
,     

where  

(𝐿𝐿∞)𝐹𝐹
∥ Υ1 =

⎩
⎨

⎧�𝔛𝔛𝔰𝔰,𝔯𝔯� ∈ 𝒲𝒲𝐹𝐹
∥: 𝑠𝑠𝑠𝑠𝑠𝑠𝔰𝔰,𝔯𝔯 �Υ1 �

�̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯, 0��
𝜌𝜌

�� < ∞ 

forsome 𝜌𝜌 > 0,
 ⎭

⎬

⎫
, 

and 

(𝐿𝐿∞)𝐹𝐹
∥ Υ2 =

⎩
⎨

⎧�𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ 𝒲𝒲𝐹𝐹
∥: 𝑠𝑠𝑠𝑠𝑠𝑠𝔰𝔰,𝔯𝔯 �Υ2 �

�̅�𝒹�𝔐𝔐𝔰𝔰,𝔯𝔯, 0��
𝜌𝜌

�� < ∞ 

forsome 𝜌𝜌 > 0,
 ⎭

⎬

⎫
. 

(𝒸𝒸)𝐹𝐹
∥ Υ= 
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⎩
⎨

⎧�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ 𝒲𝒲𝐹𝐹
∥: 𝑙𝑙𝑖𝑖𝑜𝑜𝔰𝔰,𝔯𝔯 �Υ1 �

�̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯, ℓ1�
𝜌𝜌

�  ∨ Υ2 �
�̅�𝒹�𝔐𝔐𝔰𝔰,𝔯𝔯, ℓ2�

𝜌𝜌
�� = 0 

                              for some 𝜌𝜌 > 0,
 ⎭

⎬

⎫
,   

where 

(𝒸𝒸)𝐹𝐹
∥ Υ1 =

⎩
⎨

⎧�𝔛𝔛𝔰𝔰,𝔯𝔯� ∈ 𝑤𝑤𝐹𝐹
∥: 𝑙𝑙𝑖𝑖𝑜𝑜𝔰𝔰,𝔯𝔯 �Υ1 �

�̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯, ℓ1�
𝜌𝜌

�� = 0 

forsome 𝜌𝜌 > 0,
 ⎭

⎬

⎫
 

and 

(𝒸𝒸)𝐹𝐹
∥ Υ2 =

⎩
⎨

⎧�𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ 𝒲𝒲𝐹𝐹
∥: 𝑙𝑙𝑖𝑖𝑜𝑜𝔰𝔰,𝔯𝔯 �Υ2 �

�̅�𝒹�𝔐𝔐𝔰𝔰,𝔯𝔯, ℓ2�
𝜌𝜌

�� = 0 

forsome 𝜌𝜌 > 0,
 ⎭

⎬

⎫
. 

(𝒸𝒸0)𝐹𝐹
∥ Υ= 

⎩
⎨

⎧�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ 𝒲𝒲𝐹𝐹
∥: 𝑙𝑙𝑖𝑖𝑜𝑜𝔰𝔰,𝔯𝔯 �Υ1 �

�̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯, 0��
𝜌𝜌

�  ∨ Υ2 �
�̅�𝒹�𝔐𝔐𝔰𝔰,𝔯𝔯, 0��

𝜌𝜌
�� = 0 

                                forsome 𝜌𝜌 > 0,
 ⎭

⎬

⎫
,             

where 

(𝒸𝒸0)𝐹𝐹
∥ Υ1

⎩
⎨

⎧�𝔛𝔛𝔰𝔰,𝔯𝔯� ∈ 𝒲𝒲𝐹𝐹
∥: 𝑙𝑙𝑖𝑖𝑜𝑜𝔰𝔰,𝔯𝔯 �Υ1 �

�̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯, 0��
𝜌𝜌

�� = 0 

forsome 𝜌𝜌 > 0,
 ⎭

⎬

⎫
,             

and 

(𝒸𝒸0)𝐹𝐹
∥ Υ2

⎩
⎨

⎧�𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ 𝒲𝒲𝐹𝐹
∥: 𝑙𝑙𝑖𝑖𝑜𝑜𝔰𝔰,𝔯𝔯 �Υ2 �

�̅�𝒹�𝔐𝔐𝔰𝔰,𝔯𝔯, 0��
𝜌𝜌

�� = 0 

forsome 𝜌𝜌 > 0,
 ⎭

⎬

⎫
.             

 Moreover, we define the classes of double sequences (𝒸𝒸𝑅𝑅)𝐹𝐹
∥ (Υ), and (𝒸𝒸0

𝑅𝑅)𝐹𝐹
∥ (Υ)as follows. 

A double sequence �𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ (𝒸𝒸𝑅𝑅)𝐹𝐹
∥ (Υ) if  �𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ (𝒸𝒸)𝐹𝐹

∥ (Υ)and the next limits exist : 

lim 
𝔰𝔰

�Υ�
�̅�𝑑�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔛𝔛𝔯𝔯�

𝜌𝜌
�� = 0,          𝑎𝑎𝑠𝑠 𝔰𝔰 → ∞,∀ 𝔯𝔯 ∈ 𝒩𝒩, 

lim 
𝔯𝔯 

�Υ�
�̅�𝑑�𝔛𝔛𝔰𝔰,𝔯𝔯, 𝑠𝑠𝔰𝔰�

𝜌𝜌
�� = 0,            𝑎𝑎𝑠𝑠 𝔯𝔯 → ∞,∀ 𝔰𝔰 ∈  𝒩𝒩,  

   lim
      𝔰𝔰 

�Υ�
�̅�𝑑�𝔐𝔐𝔰𝔰,𝔯𝔯,𝔐𝔐𝔯𝔯�

𝜌𝜌
�� = 0,          𝑎𝑎𝑠𝑠 𝔰𝔰 → ∞,∀ 𝔯𝔯 ∈ 𝒩𝒩,    

lim 
𝔯𝔯
�Υ �

�̅�𝑑�𝔐𝔐𝔰𝔰,𝔯𝔯, 𝑟𝑟𝔰𝔰�
𝜌𝜌

�� = 0,           𝑎𝑎𝑠𝑠 𝔯𝔯 → ∞ ∀ 𝔰𝔰 ∈ 𝒩𝒩, 

  therefore                 
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lim
𝔰𝔰
Υ�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯�=(0,0),𝑎𝑎𝑠𝑠 𝔰𝔰 → ∞, for each 𝔯𝔯 ∈  𝒩𝒩, 

lim
𝔯𝔯
Υ�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯�=(0,0),𝑎𝑎𝑠𝑠 𝔯𝔯 → ∞, for each 𝔰𝔰 ∈ 𝒩𝒩.  

 

 A double sequence �𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ (𝒸𝒸0
𝑅𝑅)𝐹𝐹

∥ (Υ), if 

 

𝔛𝔛 = 𝔛𝔛𝔯𝔯 = 𝑠𝑠𝔰𝔰 = 0�,for all𝔰𝔰, 𝔯𝔯 ∈  𝒩𝒩, 

and  

𝔐𝔐 = 𝔐𝔐𝔯𝔯 = 𝑟𝑟𝔰𝔰 = 0�,for all𝔰𝔰, 𝔯𝔯 ∈ 𝒩𝒩. 

We define               

(𝑜𝑜)𝐹𝐹
∥ = (𝒸𝒸)𝐹𝐹

∥ (Υ)   ∩   (𝐿𝐿∞)𝐹𝐹
∥ (Υ), 

(𝑜𝑜0)𝐹𝐹
∥ = (𝒸𝒸0)𝐹𝐹

∥ (Υ)   ∩ (𝐿𝐿∞)𝐹𝐹
∥ (Υ). 

3) Main Results  

Theorem 3.1:The classes of  double sequences (𝐿𝐿∞)𝐹𝐹
∥ (Υ), (𝒸𝒸𝑅𝑅)𝐹𝐹

∥ (Υ), (𝒸𝒸0
𝑅𝑅)𝐹𝐹

∥ (Υ),(𝑜𝑜)𝐹𝐹
∥ (Υ), and (𝑜𝑜0)𝐹𝐹

∥ (Υ)are 
complete metric spaces with respect to the distance  definedby  

𝑖𝑖�(𝔛𝔛,𝔐𝔐), (𝔅𝔅,𝔔𝔔)�=  

 

       𝑖𝑖𝑖𝑖𝑖𝑖 �𝜌𝜌 > 0: 𝑠𝑠𝑠𝑠𝑠𝑠𝔰𝔰,𝔯𝔯 ��Υ1 �
�̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯�

𝜌𝜌
��  ∨ �Υ2 �

�̅�𝒹�𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯�
𝜌𝜌

���  ≤ 1� 

where 

𝑖𝑖(𝔛𝔛,𝔐𝔐) = 𝑖𝑖𝑖𝑖𝑖𝑖 �𝜌𝜌 > 0: 𝑠𝑠𝑠𝑠𝑠𝑠𝔰𝔰,𝔯𝔯 �Υ1 �
�̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯�

𝜌𝜌
��    ≤ 1� 

𝑖𝑖(𝔅𝔅,𝔔𝔔) = 𝑖𝑖𝑖𝑖𝑖𝑖 �𝜌𝜌 > 0: 𝑠𝑠𝑠𝑠𝑠𝑠𝔰𝔰,𝔯𝔯 �Υ2 �
�̅�𝒹�𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯�

𝜌𝜌
��   ≤ 1� 

Proof : 

We prove it for the case (𝐿𝐿∞)𝐹𝐹
∥ (Υ) and the other cases can be  established next similar techniques..           

 Let (𝔛𝔛𝑖𝑖), (𝔐𝔐𝑖𝑖)  be any  Cauchy sequences in(𝐿𝐿∞)𝐹𝐹
∥ (Υ1), (𝐿𝐿∞)𝐹𝐹

∥ (Υ2)  respectively, hence (𝔛𝔛𝑖𝑖 ,𝔐𝔐𝑖𝑖) = (𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖  ,𝔐𝔐𝔰𝔰,𝔯𝔯
𝑖𝑖 )  

be a double  Cauchy sequence in(𝐿𝐿∞)𝐹𝐹
∥ (Υ). 

Let 𝜖𝜖 > 0,  𝑥𝑥0, 𝑟𝑟 > 0 be fixed. Then for each   𝜖𝜖
𝑟𝑟𝑥𝑥0

> 0,  there exists a positive  integer 𝑁𝑁 such that  

𝑖𝑖Υ1 (𝔛𝔛𝑖𝑖 ,𝔛𝔛𝑗𝑗 ) < 𝜖𝜖
𝑟𝑟𝔛𝔛0

  and  𝑖𝑖Υ2 �(𝔐𝔐𝑖𝑖 ,𝔐𝔐𝑗𝑗 )� < 𝜖𝜖
𝑟𝑟𝔛𝔛0

,   for 𝑖𝑖, 𝑗𝑗 ≥ 𝑁𝑁, and consequently,  

𝑖𝑖Υ �(𝔛𝔛𝑖𝑖 ,𝔛𝔛𝑗𝑗 ), (𝔐𝔐𝑖𝑖 ,𝔐𝔐𝑗𝑗 )� = �𝑖𝑖Υ1 �(𝔛𝔛𝑖𝑖 ,𝔛𝔛𝑗𝑗 )� , 𝑖𝑖Υ2 �(𝔐𝔐𝑖𝑖 ,𝔐𝔐𝑗𝑗 )�� < 𝜖𝜖
𝑟𝑟𝔛𝔛0

,                                                                                                                                                           

for all  𝑖𝑖, 𝑗𝑗 ≥ 𝑁𝑁. 
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  By definition of 𝑖𝑖, we obtain 

𝑖𝑖𝑖𝑖𝑖𝑖 �𝜌𝜌 > 0: 𝑠𝑠𝑠𝑠𝑠𝑠𝔰𝔰,𝔯𝔯 �Υ1 �
�̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 ,𝔛𝔛𝔰𝔰,𝔯𝔯

𝑗𝑗 �
𝜌𝜌

� ∨ Υ2 �
�̅�𝒹�𝔐𝔐𝔰𝔰,𝔯𝔯

𝑖𝑖 ,𝔐𝔐𝔰𝔰,𝔯𝔯
𝑗𝑗 �

𝜌𝜌
�� ≤ 1� 

Thus,         

𝑠𝑠𝑠𝑠𝑠𝑠𝔰𝔰,𝔯𝔯 �Υ1 �
�̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 ,𝔛𝔛𝔰𝔰,𝔯𝔯

𝑗𝑗 �
𝜌𝜌

� ∨ Υ2 �
�̅�𝒹�𝔐𝔐𝔰𝔰,𝔯𝔯

𝑖𝑖 ,𝔐𝔐𝔰𝔰,𝔯𝔯
𝑗𝑗 �

𝜌𝜌
�� ≤ 1 

                                                                                 for all 𝑖𝑖, 𝑗𝑗 ≥ 𝑁𝑁. 

⟹ 𝑠𝑠𝑠𝑠𝑠𝑠𝔰𝔰,𝔯𝔯 �Υ1 �
�̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 ,𝔛𝔛𝔰𝔰,𝔯𝔯

𝑗𝑗 �
𝑖𝑖Υ1�𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 ,𝔛𝔛𝔰𝔰,𝔯𝔯

𝑗𝑗 �
� ∨ Υ2 �

�̅�𝒹�𝔐𝔐𝔰𝔰,𝔯𝔯
𝑖𝑖 ,𝔐𝔐𝔰𝔰,𝔯𝔯

𝑗𝑗 �
𝑖𝑖Υ2�𝔐𝔐𝔰𝔰,𝔯𝔯

𝑖𝑖 ,𝔐𝔐𝔰𝔰,𝔯𝔯
𝑗𝑗 �
�� ≤ 1 

                                                                              for each  𝑖𝑖, 𝑗𝑗 ≥ 𝑁𝑁, 

 

⟹ �Υ1 �
�̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 ,𝔛𝔛𝔰𝔰,𝔯𝔯

𝑗𝑗 �
𝑖𝑖Υ1�𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 ,𝔛𝔛𝔰𝔰,𝔯𝔯

𝑗𝑗 �
� ∨ Υ2 �

�̅�𝒹�𝔐𝔐𝔰𝔰,𝔯𝔯
𝑖𝑖 ,𝔐𝔐𝔰𝔰,𝔯𝔯

𝑗𝑗 �
𝑖𝑖Υ2�𝔐𝔐𝔰𝔰,𝔯𝔯

𝑖𝑖 ,𝔐𝔐𝔰𝔰,𝔯𝔯
𝑗𝑗 �
�� ≤ 1 

                                                  for each 𝔰𝔰, 𝔯𝔯 ≥ 1  and for all  𝑖𝑖, 𝑗𝑗 ≥ 𝑁𝑁. 

Hence one can find 𝑟𝑟 > 0 with  Υ1 �
𝑟𝑟𝑥𝑥0

2
�  ≥ 1  and Υ2 �

𝑟𝑟𝑥𝑥0
2
� ≥ 1, such that  

 

Υ1 �
�̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 ,𝔛𝔛𝔰𝔰,𝔯𝔯

𝑗𝑗 �
𝑖𝑖Υ1�𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 ,𝔛𝔛𝔰𝔰,𝔯𝔯

𝑗𝑗 �
� ≤  Υ1 �

𝑟𝑟𝑥𝑥0

2
� andΥ2 �

�̅�𝒹�𝔐𝔐𝔰𝔰,𝔯𝔯
𝑖𝑖 ,𝔐𝔐𝔰𝔰,𝔯𝔯

𝑗𝑗 �
𝑖𝑖Υ2�𝔐𝔐𝔰𝔰,𝔯𝔯

𝑖𝑖 ,𝔐𝔐𝔰𝔰,𝔯𝔯
𝑗𝑗 �
� ≤ Υ2 �

𝑟𝑟𝑥𝑥0

2
� 

Hence, Υ �𝑟𝑟𝑥𝑥0
2

, 𝑟𝑟𝑥𝑥0
2
� = �Υ1 �

𝑟𝑟𝑥𝑥0
2
� ,Υ2 �

𝑟𝑟𝑥𝑥0
2
�� ≥ (1,1), therefore, 

 

�Υ1 �
�̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 ,𝔛𝔛𝔰𝔰,𝔯𝔯

𝑗𝑗 �
𝑖𝑖Υ1�𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 ,𝔛𝔛𝔰𝔰,𝔯𝔯

𝑗𝑗 �
� ,Υ2 �

�̅�𝒹�𝔐𝔐𝔰𝔰,𝔯𝔯
𝑖𝑖 ,𝔐𝔐𝔰𝔰,𝔯𝔯

𝑗𝑗 �
𝑖𝑖Υ2�𝔐𝔐𝔰𝔰,𝔯𝔯

𝑖𝑖 ,𝔐𝔐𝔰𝔰,𝔯𝔯
𝑗𝑗 �
�� ≤ �Υ1 �

𝑟𝑟𝑥𝑥0

2
� ,Υ2 �

𝑟𝑟𝑥𝑥0

2
��. 

This implies that  

 

�̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 ,𝔛𝔛𝔰𝔰,𝔯𝔯
𝑗𝑗 � ≤ 𝑟𝑟𝔛𝔛0

2
∙ 𝑖𝑖Υ1 ((𝔛𝔛𝑖𝑖 ,𝔛𝔛𝑗𝑗 )),  for all  𝑖𝑖, 𝒿𝒿 ≥ 𝑖𝑖0 .     

 �̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 ,𝔛𝔛𝔰𝔰,𝔯𝔯
𝑗𝑗 � ≤ 𝑟𝑟𝔛𝔛0

2
∙ 𝜖𝜖
𝑟𝑟𝔛𝔛0

= 𝜖𝜖
2
        for all  𝑖𝑖, 𝒿𝒿 ≥ 𝑖𝑖0. 

 ⟹ �̅�𝑑�𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 ,𝔛𝔛𝔰𝔰,𝔯𝔯
𝑗𝑗 � ≤ 𝜖𝜖

2
                    for all  𝑖𝑖, 𝒿𝒿 ≥ 𝑖𝑖0. 

and                 �̅�𝒹�𝔐𝔐𝔰𝔰,𝔯𝔯
𝑖𝑖 ,𝔐𝔐𝔰𝔰,𝔯𝔯

𝑗𝑗 � ≤ 𝑟𝑟𝔛𝔛0
2
∙ 𝑖𝑖Υ2 ((𝔐𝔐𝑖𝑖 −𝔐𝔐𝑗𝑗 )),  for all  𝑖𝑖, 𝒿𝒿 ≥ 𝑖𝑖0. 

 �̅�𝒹�𝔐𝔐𝔰𝔰,𝔯𝔯
𝑖𝑖 ,𝔐𝔐𝔰𝔰,𝔯𝔯

𝑗𝑗 � ≤ 𝑟𝑟𝔛𝔛0
2
∙ 𝜖𝜖
𝑟𝑟𝔛𝔛0

= 𝜖𝜖
2
         for all  𝑖𝑖, 𝒿𝒿 ≥ 𝑖𝑖0 

⟹ �̅�𝒹�𝔐𝔐𝔰𝔰,𝔯𝔯
𝑖𝑖 ,𝔐𝔐𝔰𝔰,𝔯𝔯

𝑗𝑗 � ≤ 𝜖𝜖
2
                     for all  𝑖𝑖, 𝒿𝒿 ≥ 𝑖𝑖0.  then 
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�̅�𝒹 ��𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 ,𝔛𝔛𝔰𝔰,𝔯𝔯
𝑗𝑗 �, (𝔐𝔐𝔰𝔰,𝔯𝔯

𝑖𝑖 ,𝔐𝔐𝔰𝔰,𝔯𝔯
𝑗𝑗 )� ≤ 𝑟𝑟𝔛𝔛0

2
. 𝜖𝜖
𝑟𝑟𝔛𝔛0

= 𝜖𝜖
2
    for all 𝑖𝑖, 𝒿𝒿 ≥ 𝑖𝑖0 . 

Hence (𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 ,𝔐𝔐𝔰𝔰,𝔯𝔯
𝑖𝑖 ) is a double  Cauchy sequence in 𝑅𝑅2(𝒻𝒻).  

Thus ,  

For each (0 < 𝜖𝜖 < 1),  there exists a positive integer 𝑁𝑁 such that  �̅�𝒹 ��𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 ,𝔛𝔛�, (𝔐𝔐𝔰𝔰,𝔯𝔯
𝑖𝑖 ,𝔐𝔐)� < 𝜖𝜖  for all  𝑖𝑖, 𝑗𝑗 ≥ 𝑁𝑁. 

where �̅�𝒹(𝔛𝔛𝑖𝑖 ,𝔛𝔛) < 𝜖𝜖 and  𝒹𝒹 � (𝔐𝔐𝑖𝑖 ,𝔐𝔐) < 𝜖𝜖  for all  𝑖𝑖, 𝑗𝑗 ≥ 𝑁𝑁. 

Taking 𝒿𝒿 → ∞ and fixing 𝑖𝑖, so by  using the continuity of  Υ = (Υ1,Υ2), we get   

 

𝑠𝑠𝑠𝑠𝑠𝑠𝔰𝔰,𝔯𝔯 �Υ1 �
�̅�𝒹 �𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 , lim

𝑗𝑗→∞
𝔛𝔛𝔰𝔰,𝔯𝔯
𝑗𝑗 �

𝜌𝜌
� ∨ Υ2 �

�̅�𝒹 �𝔐𝔐𝔰𝔰,𝔯𝔯
𝑖𝑖 , lim

𝑗𝑗→∞
𝔐𝔐𝔰𝔰,𝔯𝔯

𝑗𝑗 �

𝜌𝜌
��  ≤ 1 

Thus,  

𝑠𝑠𝑠𝑠𝑠𝑠𝔰𝔰,𝔯𝔯 �Υ1 �
�̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 ,𝔛𝔛�

𝜌𝜌
� ∨ Υ2 �

�̅�𝒹�𝔐𝔐𝔰𝔰,𝔯𝔯
𝑖𝑖 ,𝔐𝔐�
𝜌𝜌

��  ≤ 1,              

 On taking the infimum of  such 𝜌𝜌' s, we get, 

𝑖𝑖𝑖𝑖𝑖𝑖 �𝜌𝜌 > 0: 𝑠𝑠𝑠𝑠𝑠𝑠𝔰𝔰,𝔯𝔯 �Υ1 �
�̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯𝑖𝑖 ,𝔛𝔛�

𝜌𝜌
� ∨ Υ2 �

�̅�𝒹�𝔐𝔐𝔰𝔰,𝔯𝔯
𝑖𝑖 ,𝔐𝔐�
𝜌𝜌

�� ≤ 1� ≤ 𝜖𝜖 

                                                                             for all  𝑖𝑖 ≥ 𝑁𝑁 and 𝑗𝑗 → ∞. 

Since (𝔛𝔛𝑖𝑖 ,𝔐𝔐𝑖𝑖) ∈ (𝐿𝐿∞)𝐹𝐹
∥ (Υ) and  Υ is continuous, it follows that (𝔛𝔛,𝔐𝔐) ∈ (𝐿𝐿∞)𝐹𝐹

∥ (Υ) . 

This completes the proof of the theorem. 

Property 3.2:The class of double sequences(𝐿𝐿∞)𝐹𝐹
∥ (Υ) is symmetric but the class of  double 

sequences(𝒸𝒸)𝐹𝐹
∥ (Υ), (𝒸𝒸0)𝐹𝐹

∥ (Υ), (𝒸𝒸0
𝑅𝑅)𝐹𝐹

∥ (Υ) , (𝒸𝒸𝑅𝑅)𝐹𝐹
∥ (Υ),are not symmetric. 

Proof:    Noticeably the classof double sequences (𝐿𝐿∞)𝐹𝐹
∥ (Υ)is symmetric. However, other the class of double 

sequences, could be indicated by the   following example. 

Example 3.1::   Let's say the class of double sequences (𝒸𝒸)𝐹𝐹
∥ (Υ). Consider   

Υ(𝔛𝔛,𝔐𝔐) = (𝔛𝔛,𝔐𝔐) and suppose the double sequence �𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� be defined by  

 

(𝔛𝔛1𝔯𝔯,𝔐𝔐1𝔯𝔯)(𝑣𝑣) = �
(𝑣𝑣 + 1 , 𝑣𝑣 + 1),                                 for− 1 ≤ 𝑣𝑣 ≤ 0;   
(−𝑣𝑣 + 1 ,−𝑣𝑣 + 1),                          for    0 ≤ 𝑣𝑣 ≤ 1;    
(0,0),                                                  otherwise,              

� 

where 

(𝔛𝔛1𝔯𝔯)(𝑣𝑣) = �
(𝑣𝑣 + 1),                             for− 1 ≤ 𝑣𝑣 ≤ 0;   
(−𝑣𝑣 + 1),                          for    0 ≤ 𝑣𝑣 ≤ 1;   

0,                                      otherwise,           
� 

 and  

(𝔐𝔐1𝔯𝔯)(𝑣𝑣) = �
(𝑣𝑣 + 1),                            for− 1 ≤ 𝑣𝑣 ≤ 0;
(−𝑣𝑣 + 1),                         for    0 ≤ 𝑣𝑣 ≤ 1;

0,                                      otherwise,       
� 
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For 𝔰𝔰 > 1, we have  

�𝔛𝔛𝔰𝔰,𝔯𝔯�(𝑣𝑣) = �
𝑣𝑣 + 2,                          for− 2 ≤ 𝑣𝑣 ≤ −1;   
−𝑣𝑣,                                for − 1 ≤ 𝑣𝑣 ≤ 0;      

0,                                  otherwise,
� 

and 

 �𝔐𝔐𝔰𝔰,𝔯𝔯�(𝑣𝑣) = �
𝑣𝑣 + 2,                       for− 2 ≤ 𝑣𝑣 ≤ −1;  
−𝑣𝑣,                           for − 1 ≤ 𝑣𝑣 ≤ 0;     
 0,                              otherwise,                

� 

and consequently�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯�can be defined as 

 

�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� (𝑣𝑣) = �
( 𝑣𝑣 + 2, 𝑣𝑣 + 2),                                for− 2 ≤ 𝑣𝑣 ≤ −1;          

(−𝑣𝑣,−𝑣𝑣),                                           for   − 1 ≤ 𝑣𝑣 ≤ 0;            
(0, 0),                                                otherwise.                          

� 

Let �𝔅𝔅𝔰𝔰,𝔯𝔯� ,�𝔔𝔔𝔰𝔰,𝔯𝔯� be a rearrangement of  �𝔛𝔛𝔰𝔰,𝔯𝔯� , �𝔐𝔐𝔰𝔰,𝔯𝔯� respect  which is  defined by 

�𝔅𝔅𝔰𝔰,𝔰𝔰�(𝑣𝑣) = �
𝑣𝑣 + 1,                for− 1 ≤ 𝑣𝑣 ≤ 0;    
−𝑣𝑣 + 1,              for 0 ≤ 𝑣𝑣 ≤ 1;          

0,                     otherwise.           
� 

and  

�𝔔𝔔𝔰𝔰,𝔰𝔰�(𝑣𝑣) = �
𝑣𝑣 + 1,                for− 1 ≤ 𝑣𝑣 ≤ 0  ;  
−𝑣𝑣 + 1,              for 0 ≤ 𝑣𝑣 ≤ 1;          

0,                    otherwise.           
� 

Therefore, �𝔅𝔅𝔰𝔰,𝔰𝔰,𝔔𝔔𝔰𝔰,𝔰𝔰�can be defined by 

�𝔅𝔅𝔰𝔰,𝔰𝔰,𝔔𝔔𝔰𝔰,𝔰𝔰�(𝑣𝑣) = �
(𝑣𝑣 + 1, 𝑣𝑣 + 1),                     for− 1 ≤ 𝑣𝑣 ≤ 0;    
(−𝑣𝑣 + 1,−𝑣𝑣 + 1),              for 0 ≤ 𝑣𝑣 ≤ 1;          

(0,0),                                   otherwise.              
� 

and for𝔰𝔰 ≠ 𝔯𝔯,  we have  

 

�𝔅𝔅𝔰𝔰,𝔯𝔯�(𝑣𝑣) = �
𝑣𝑣 + 2,                for− 2 ≤ 𝑣𝑣 ≤ −1;         
−𝑣𝑣,                  for− 1 ≤ 𝑣𝑣 ≤ 0;           

  0,                    otherwise,
� 

and  

�𝔔𝔔𝔰𝔰,𝔯𝔯�(𝑣𝑣) = �
𝑣𝑣 + 2,                for− 2 ≤ 𝑣𝑣 ≤ −1;           
−𝑣𝑣,                  for− 1 ≤ 𝑣𝑣 ≤ 0;             
0,                     otherwise,                         

� 

therefore, �𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� can be defined by  

 

�𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯�(𝑣𝑣) = �
(𝑣𝑣 + 2 , 𝑣𝑣 + 2),                for − 2 ≤ 𝑣𝑣 ≤ −1,         
(−𝑣𝑣 ,−𝑣𝑣),                         for  − 1 ≤  𝑣𝑣 ≤  −1,      
( 0  , 0),                             otherwise.                         

� 

Thus, 
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�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ (𝒸𝒸)𝐹𝐹
∥ (Υ) but  �𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯� ∉ (𝒸𝒸)𝐹𝐹

∥ (Υ).Hence (𝒸𝒸)𝐹𝐹
∥ (Υ) is not  

symmetric. In same sense,  it can be indicated  that other spaces of  double  

sequences are  not symmetric too.  

 

Property 3.3:The classes of double  sequences (𝐿𝐿∞)𝐹𝐹
∥ (Υ), (𝒸𝒸0)𝐹𝐹

∥ (Υ)  and  

(𝒸𝒸0
𝑅𝑅)𝐹𝐹

∥ (Υ), (𝑜𝑜0)𝐹𝐹
∥ (Υ)are solid. 

Proof:Consider the class of double sequences(𝐿𝐿∞)𝐹𝐹
∥ (Υ).Let �𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� 

∈ (𝐿𝐿∞)𝐹𝐹
∥ (Υ)and �𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯�be such that. 

�̅�𝒹�𝔅𝔅𝔰𝔰,𝔯𝔯, 0�� ≤ �̅�𝒹�𝔛𝔛𝔰𝔰,𝔯𝔯, 0�� 

and                        

�̅�𝒹�𝔔𝔔𝔰𝔰,𝔯𝔯, 0�� ≤ �̅�𝒹�𝔐𝔐𝔰𝔰,𝔯𝔯, 0�� 

and consequently 

�̅�𝒹�(𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯), (0�, 0�)� ≤ �̅�𝒹�(𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯), (0� , 0�)� 

asΥ = (Υ1,Υ2) is increasing , we have  

𝑠𝑠𝑠𝑠𝑠𝑠𝔰𝔰,𝔯𝔯 �Υ1 �
�̅�𝑑 ��𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯�, (0� , 0�)�

𝜌𝜌
�� ≤ 𝑠𝑠𝑠𝑠𝑠𝑠𝔰𝔰,𝔯𝔯 �Υ2 �

�̅�𝑑 ��𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯�, (0� , 0�)�
𝜌𝜌

�� 

Hence, the classes of double sequences(𝐿𝐿∞)𝐹𝐹
∥ (Υ) is solid.  In same way,  we could recognize other spaces are  

solid too by following same sense . 

Property  3.4:The classes of double sequences(𝒸𝒸)𝐹𝐹
∥ (Υ), (𝒸𝒸𝑅𝑅)𝐹𝐹

∥ (Υ)and  

(𝑜𝑜)𝐹𝐹
∥ (Υ)are not monotone and hence not solid. 

Proof :The following   Example will lead to such result. 

Example 3.2:    Consider the class of double sequences space  (𝒸𝒸)𝐹𝐹
∥ (Υ) and Suppose Υ(𝔛𝔛,𝔐𝔐) = (𝔛𝔛,𝔐𝔐).  Let 

𝐽𝐽 = {(𝔰𝔰, 𝔯𝔯): 𝔰𝔰 ≥ 𝔯𝔯  }  ⊆ 𝒩𝒩 × 𝒩𝒩. Let �𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� be define as :  

�𝔛𝔛𝔰𝔰,𝔯𝔯�(𝑣𝑣) = �
(𝑣𝑣 + 3),                                      for− 3 ≤ 𝑣𝑣 ≤ −2,        
𝔰𝔰𝑣𝑣(3𝔰𝔰�−1)−1 + 3𝔰𝔰(3𝔰𝔰�−1)−1,   for− 2 ≤ 𝑣𝑣 ≤ −1 + 𝔰𝔰−1,

0,                                              otherwise.                      
� 

and  

�𝔐𝔐𝔰𝔰,𝔯𝔯�(𝑣𝑣) = �
(𝑣𝑣 + 3),                                       for− 3 ≤ 𝑣𝑣 ≤ −2 ,      
𝔰𝔰𝑣𝑣(3𝔰𝔰�−1)−1 + 3𝔰𝔰(3𝔰𝔰�−1)−1,       for− 2 ≤ 𝑣𝑣 ≤ −1 + 𝔰𝔰−1,
0,                                                  otherwise.                       

� 

and consequently 

�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯�(𝑣𝑣)= 

�
(𝑣𝑣 + 3, 𝑣𝑣 + 3),                                                                                                for− 3 ≤ 𝑣𝑣 ≤ −2,            
(𝔰𝔰𝑣𝑣(3𝔰𝔰�−1)−1 + 3𝔰𝔰(3𝔰𝔰�−1)−1), 𝔰𝔰𝑣𝑣(3𝔰𝔰�−1)−1 + 3𝔰𝔰(3𝔰𝔰�−1)−1),          for− 2 ≤ 𝑣𝑣 ≤ −1 + 𝔰𝔰−1,   
(0, 0),                                                                                                              otherwise.             

� 
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Then �𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ (𝑐𝑐)𝐹𝐹
∥ (Υ). 

        Let �𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯� be the canonical pre-image of �𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯�𝐽𝐽  for the sub set 𝐽𝐽 of  𝒩𝒩 × 𝒩𝒩 .Then  

�𝔅𝔅𝔰𝔰,𝔯𝔯�(𝑣𝑣) = ��𝔛𝔛𝔰𝔰,𝔯𝔯� if (𝔰𝔰, 𝔯𝔯) ∈ 𝐽𝐽,
0�, otherwise.

� 

and 

�𝔔𝔔𝔰𝔰,𝔯𝔯�(𝑣𝑣) = ��𝔐𝔐𝔰𝔰,𝔯𝔯� if (𝔰𝔰, 𝔯𝔯) ∈ 𝐽𝐽,
0� , otherwise.

�. 

and consequently  

�𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯�(𝑣𝑣) = ��𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� if (𝔰𝔰, 𝔯𝔯) ∈ 𝐽𝐽,
(0� , 0�) otherwise.

� 

Thus,�𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯� ∉ (𝒸𝒸)𝐹𝐹
∥ (Υ ). Hence, (𝒸𝒸)𝐹𝐹

∥ (Υ)does not regard as a  monotone. In the same way, It can be 
indicated that other spaces of double sequences are not monotone too. 

      Hence,the spaces  (𝒸𝒸)𝐹𝐹
∥ (Υ), (𝒸𝒸𝑅𝑅)𝐹𝐹

∥ (Υ)  and 𝑜𝑜(Υ) are not solid. 

corollary 3.5:𝑍𝑍(Υ1) ∩ 𝑍𝑍(Υ2) ⊆ 𝑍𝑍(Υ1 + Υ2), for 𝑍𝑍 = (𝐿𝐿∞)𝐹𝐹
∥ (Υ), (𝒸𝒸)𝐹𝐹

∥ (Υ), (𝑐𝑐0)𝐹𝐹
∥ (Υ), (𝒸𝒸𝑅𝑅)𝐹𝐹

∥ (Υ), , (𝒸𝒸0
𝑅𝑅)𝐹𝐹

∥ (Υ). 

Proof:It is a simple evidence, therefore we delete it. 

corollary 3.6:LetΥandΥ1be two Orlicz function then 𝑍𝑍(Υ1) ⊆ 𝑍𝑍(Υ ∘ Υ1) for 
𝑍𝑍 = (𝐿𝐿∞)𝐹𝐹

∥ , (𝒸𝒸)𝐹𝐹
∥ , (𝒸𝒸0)𝐹𝐹

∥ , (𝒸𝒸𝑅𝑅)𝐹𝐹
∥ , (𝒸𝒸0

𝑅𝑅)𝐹𝐹
∥ (𝑜𝑜)𝐹𝐹

∥ ,and (𝑜𝑜0)𝐹𝐹
∥ . 

Proof:  We prove the result for the case 𝑍𝑍 = (𝒸𝒸0)𝐹𝐹
∥ ,  the other cases may be       proved by following similar 

technique. Let 𝜖𝜖 > 0, be given, there exists 𝑖𝑖 > 0, such that 𝜖𝜖 =  Υ(𝑖𝑖). Let  �𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ 𝑍𝑍(Υ1), then, there 
exist 𝑘𝑘0, 𝑙𝑙0 ∈ 𝒩𝒩, such that  

Υ1 �
𝑑𝑑 � ��𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯�, (0�, 0�)�

𝜌𝜌
� < 𝑖𝑖, for some 𝜌𝜌 > 0. 

Let�𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯� = Υ1 �
�̅�𝒹 ��𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯�, (0�, 0�)�

𝜌𝜌
� , for some 𝜌𝜌 > 0. 

 Since 𝛶𝛶 is continuous and non-decreasing, we get 

Υ�𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯� =  Υ �Υ1 �
�̅�𝒹 ��𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯�, (0�, 0�)�

𝜌𝜌
�� < Υ(𝑖𝑖) =  𝜖𝜖, 

for some 𝜌𝜌 > 0. 

Which implies that,�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ 𝑍𝑍(Υ ∘ Υ1). 

This completes the proof . 

Corollary 3.7:𝑍𝑍(Υ) ⊆ (𝐿𝐿∞)𝐹𝐹
∥ (Υ)for 𝑍𝑍 = (𝑐𝑐𝑅𝑅)𝐹𝐹

∥ , (𝑐𝑐0
𝑅𝑅)𝐹𝐹

∥ .The inclusions are strict . 

Proof:The inclusion  𝑍𝑍(Υ) ⊆ (𝐿𝐿∞)𝐹𝐹
∥ (Υ)  for  𝑍𝑍 = (𝒸𝒸𝑅𝑅)𝐹𝐹

∥ , (𝒸𝒸0
𝑅𝑅)𝐹𝐹

∥  is obvious. For establishing that the inclusions 
are proper, consider the following example.  

 

DOI: 10.37200/IJPR/V24I2/PR200696 
Received: 02 Jan 2020 | Revised: 15 Jan 2020 | Accepted: 28 Jan 2020                                          3740 



International Journal of Psychosocial Rehabilitation, Vol. 24, Issue 02, 2020 
ISSN: 1475-7192 

Example 3.3 LetΥ(𝔛𝔛,𝔐𝔐) = (𝔛𝔛,𝔐𝔐).  Let the double sequence�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯�, be defined by  for  𝔰𝔰 > 𝑟𝑟, 

�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯�(𝑣𝑣)= 

�
�(𝔰𝔰𝑣𝑣 − 𝔰𝔰 − 1)(𝔰𝔰 − 1)−1, (𝔰𝔰𝑣𝑣 − 𝔰𝔰 − 1)(𝔰𝔰 − 1)−1�, for 1 + 𝔰𝔰−1 ≤ 𝑣𝑣 ≤ 2; 

(3 − 𝑣𝑣, 3 − 𝑣𝑣 ),                                                                 for 2 ≤ 𝑣𝑣 ≤ 3;         
(0,0),                                                                                otherwise.                

� 

where 

�𝔛𝔛𝔰𝔰,𝔯𝔯�(𝑣𝑣) = �
�(𝔰𝔰𝑣𝑣 − 𝔰𝔰 − 1)(𝔰𝔰 − 1)−1�, for 1 + 𝔰𝔰−1 ≤ 𝑣𝑣 ≤ 2;  
3 − 𝑣𝑣,                                   for 2 ≤ 𝑣𝑣 ≤ 3;  
0,                                        otherwise.       

� 

and 

�𝔐𝔐𝔰𝔰,𝔯𝔯�(𝑣𝑣) = �
�(𝔰𝔰𝑣𝑣 − 𝔰𝔰 − 1)(𝔰𝔰 − 1)−1�, for 1 + 𝔰𝔰−1 ≤ 𝑣𝑣 ≤ 2;
3 − 𝑣𝑣 ,                                  for 2 ≤ 𝑣𝑣 ≤ 3;        

0,                                        otherwise.             
� 

and for 𝔰𝔰 ≤ 𝔯𝔯, 

�𝔛𝔛𝔰𝔰,𝔯𝔯�(𝑣𝑣) = �
(𝔰𝔰𝑣𝑣 − 1)(𝔰𝔰 − 1)−1,                  for𝔰𝔰−1 ≤ 𝑣𝑣 ≤ 1;  

 −𝑣𝑣 + 2,                                        for 1 ≤ 𝑣𝑣 ≤ 2;        
0,                                              otherwise.               

� 

and 

�𝔐𝔐𝔰𝔰,𝔯𝔯�(𝑣𝑣) = �
(𝔰𝔰𝑣𝑣 − 1)(𝔰𝔰 − 1)−1,                   for𝔰𝔰−1 ≤ 𝑣𝑣 ≤ 1;  
 −𝑣𝑣 + 2,                                          for 1 ≤ 𝑣𝑣 ≤ 2;        

0,                                                  otherwise.             
� 

and consequently�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯�can be defined as  

�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯�(𝑣𝑣)=  

�
�(𝔰𝔰𝑣𝑣 − 1)(𝔰𝔰 − 1)−1, (𝔰𝔰𝑣𝑣 − 1)(𝔰𝔰 − 1)−1�,                   for𝔰𝔰−1 ≤ 𝑣𝑣 ≤ 2;      

(−𝑣𝑣 + 2,−𝑣𝑣 + 2)  for 1 ≤ 𝑣𝑣 ≤ 2;             
(0,0)                                                                                     otherwise.                    

� 

Then,�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ (𝐿𝐿∞)𝐹𝐹
∥ (Υ) but �𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� ∉ 𝑍𝑍(Υ) for  𝑍𝑍 = (𝒸𝒸𝑅𝑅)𝐹𝐹

∥ , (𝒸𝒸0
𝑅𝑅)𝐹𝐹

∥ . 

Property3.8  The class ofdouble sequences(𝐿𝐿∞)𝐹𝐹
∥ (Υ), (𝒸𝒸𝑅𝑅)𝐹𝐹

∥ (Υ), (𝒸𝒸0
𝑅𝑅)𝐹𝐹

∥ (Υ), 
(𝒸𝒸)𝐹𝐹

∥ (Υ), (𝒸𝒸0)𝐹𝐹
∥ (Υ), (𝑜𝑜)𝐹𝐹

∥ (Υ), and (𝑜𝑜0)𝐹𝐹
∥ (Υ) are not convergent free. 

Proof:    The result follows from the following example. 

Example 3.4:Consider the classes of double sequences (𝒸𝒸)𝐹𝐹
∥ (Υ). 

Let Υ(𝔛𝔛,𝔐𝔐)= (𝔛𝔛,𝔐𝔐) and�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� defined by(𝔛𝔛1𝔯𝔯,𝔐𝔐1𝔯𝔯) = (0�, 0�)and for other values, 

�𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯�(𝑣𝑣)= 

�  (
(1,1),                                                                                                                                for 0 ≤ 𝑣𝑣 ≤ 1;             
−𝔰𝔰𝑣𝑣(𝔰𝔰 + 1)−1 + (2𝔰𝔰 + 1)(𝔰𝔰 + 1)−1,−𝔰𝔰𝑡𝑡(𝔰𝔰 + 1)−1 + (2𝔰𝔰 + 1)(𝔰𝔰 + 1)−1), for 1 ≤ 𝑣𝑣 ≤ 2 + 𝔰𝔰−1;

(0,0),                                                                                                                               otherwise.                 
� 

where 
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�𝔛𝔛𝔰𝔰,𝔯𝔯�(𝑣𝑣)  = �
1,                                                              for  0 ≤ 𝑣𝑣 ≤ 1 ;     
−𝔰𝔰𝑣𝑣(𝔰𝔰 + 1)−1 + (2𝔰𝔰 + 1)(𝔰𝔰 + 1)−1,     for 1 ≤ 𝑣𝑣 ≤ 2 + 𝔰𝔰−1; 

0,                                                              otherwise.             
� 

and 

�𝔐𝔐𝔰𝔰,𝔯𝔯�(𝑣𝑣) = �−
1,                                                                for 0 ≤ 𝑣𝑣 ≤ 1;       
𝔰𝔰𝑣𝑣(𝔰𝔰 + 1)−1 + (2𝔰𝔰 + 1)(𝔰𝔰 + 1)−1, for1 ≤ 𝑣𝑣 ≤ 2 + 𝔰𝔰−1;

0,                                                                otherwise.                 
� 

Let thedouble sequence �𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯�, be defined by(𝔅𝔅1𝔯𝔯,𝔔𝔔1𝔯𝔯) = (0�, 0�), and for other values, 

�𝔅𝔅𝔰𝔰,𝔯𝔯�(𝑣𝑣) = �
1,                                                                for 0 ≤ 𝑣𝑣 ≤ 1;    
(𝔰𝔰 − 𝑣𝑣)(𝔰𝔰 − 𝑣𝑣)−1,                                   for 1 ≤ 𝑣𝑣 ≤ 𝔰𝔰;     
0,                                                                otherwise.            

� 

and 

�𝔔𝔔𝔰𝔰,𝔯𝔯�(𝑣𝑣) = �
1,                                                                for 0 ≤ 𝑣𝑣 ≤ 1;
(𝔰𝔰 − 𝑣𝑣)(𝔰𝔰 − 𝑣𝑣)−1,                                   for 1 ≤ 𝑣𝑣 ≤ 𝔰𝔰; 
0,                                                               otherwise.      

� 

and consequently �𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯�can be defined as 

�𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯�(𝑣𝑣) = �
(1,1),                                                         for 0 ≤ 𝑣𝑣 ≤ 1;
((𝔰𝔰 − 𝑣𝑣)(𝔰𝔰 − 1)−1, (𝔰𝔰 − 𝑣𝑣)(𝔰𝔰 − 𝑣𝑣)−1) for 1 ≤ 𝑣𝑣 ≤ 𝔰𝔰;
(0,0),                                                         otherwise.      

� 

Then �𝔛𝔛𝔰𝔰,𝔯𝔯� ∈ (𝒸𝒸)𝐹𝐹
∥ (Υ), and �𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ (𝒸𝒸)𝐹𝐹

∥ (Υ). 

⟹ �𝔛𝔛𝔰𝔰,𝔯𝔯,𝔐𝔐𝔰𝔰,𝔯𝔯� ∈ (𝒸𝒸)𝐹𝐹
∥ (Υ) but�𝔅𝔅𝔰𝔰,𝔯𝔯� ∉ (𝒸𝒸)𝐹𝐹

∥ (Υ), and �𝔔𝔔𝔰𝔰,𝔯𝔯� ∉ (𝒸𝒸)𝐹𝐹
∥ (Υ). 

⟹ �𝔅𝔅𝔰𝔰,𝔯𝔯,𝔔𝔔𝔰𝔰,𝔯𝔯� ∉ (𝒸𝒸)𝐹𝐹
∥ (Υ). 

Hence, the classes of double sequences (𝒸𝒸)𝐹𝐹
∥ (Υ) is not convergent free. Similarly, 

the other spaces are also not convergent free. 
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